THE OPEN UNIVERSITY 
Mathematics: A Third Level Course 
M333 Aspects of Abstract Algebra 


Block II 


Galois Theory 
Units 7-12 


THE OPEN UNIVERSITY 
Mathematics: A Third Level Course 
M333 Aspects of Abstract Algebra 


Block II 


Galois Theory 
Units 7-12 


Course Team 


Joan Aldous 
Rosemary Bailey 
Ian Dey 

Bob Margolis 
Jeremy Gray 
Chris Rowley 
Matthew Esplen 


Consultant: Ian Stewart, University of Warwick 


Set Book 


Ian Stewart, Galois Theory (Chapman and Hall, 1973). 


It is essential to have this book; the course is based on it and will not 
make sense without it. 


In this text the set book is referred to as Stewart. 


The Open University Press, Walton Hall, Milton Keynes. 
First published 1980. Reprinted 1986, 1998 
Copyright © 1980 The Open University. 


All rights reserved. No part of this work may be reproduced in any form, by mimeograph 
or any other means, without permission in writing from the publishers. 


Filmset by Composition House, Salisbury, Wiltshire. 
Printed in the United Kingdom by the Open University 
ISBN 0 335 05902 3 


This text forms part of the correspondence element of an Open University Third Level 
Course. 


For general availability of supporting material referred to in this text, please write to 
Open University Educational Enterprises Limited, 12 Cofferidge Close, Stony Stratford, 
Milton Keynes, MK11 1BY, Great Britain. 


Further information on Open University courses may be obtained from The Admissions 
Office, The Open University, P.O. Box 43, Milton Keynes MK7 6AB. 


1.3 


CONTENTS 


7.0 Introduction 

7.1 Galois Groups 

7.2 The Galois Correspondence 
Solutions to Problems in Unit 7 


8.0 Introduction 

8.1 Splitting Fields 

8.2 Normality 

8.3 Separability 

Hints 

Solutions to Problems in Unit 8 


9.0 Introduction 
9.1 Results and Problems 
Solutions to Problems in Unit 9 


10.0 Introduction 

10.1 An Introductory Problem 
10.2 K-monomorphisms 

10.3 Normal Closures 

Hints 

Solutions to Problems in Unit 10 


11.0 Introduction 

11.1 The Galois Correspondence 
11.2 An Example 

Solutions to Problems in Unit 11 


12.0 Introduction 

12.1 Soluble Groups 

12.2 Simple Groups 

12.3 p-Groups 

12.4 Summary 

Hints 

Solutions to Problems in Unit 12 


Field Automorphisms 


M333 II 7.0 


70 Introduction 


Before starting work on this unit, you should read the Guide to Block II. 
This unit covers Stewart: Chapter 7. 


In this unit we outline the development which will culminate in the proof 
of the Fundamental Theorem of Galois Theory in Unit 11. The central 
idea in the unit is that of a field extension L: K which is isomorphic to 
itself in non-trivial ways. In particular, we study the set of all field auto- 
morphisms g: L— L for which the following diagrams are commutative: 


K inc, , KH k 
zi le id] IE 
KL kiz k = ak) 


The set of all automorphisms of L with the property 
a(k)=k forallkeK 


forms a group whose structure yields information about the field ex- 
tension L: K. 


The work for the unit falls naturally into two sections. Each consists of 
reading material in Stewart, notes, comments, and problems which 
illustrate the results obtained. You will need to be familiar with Strategy 
C in the Strategies Supplement. 


Remark. A warning about notation is in order. Stewart usually uses 
Greek letters for automorphisms from now on, but in some problems he 
uses Greek letters for field elements. 


The symbol 1 is grossly overworked! It appears as: 
the integer 1; 
the multiplicative identity in all fields; 
the identity function x — x; 
the identity in all groups of automorphisms; 


the trivial group. 
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71 Galois Groups 


In Block I we met several examples of field homomorphisms including 
field automorphisms, on which we now concentrate. We begin by remind- 
ing you of the definition and giving some examples. 


Definition. A field automorphism is an isomorphism of a field onto itself. 
Thus if x: K — K is a field automorphism, then 


(i) «isa field homomorphism ; 

(ii) «is one-one; 

(iii) « is onto. 

Examples. 

l. For any field K, we have the identity automorphism 
id: K — K 
id: x— x. 

2. The following mapping is a field automorphism of C: 
x:C— C 


x:a + bima — bi. 

3. The following mapping is an automorphism of Q(./2): 

x: Q(,/2) — Q(2) 
a:a + by 2—42a- b. /2. 

4. The following mappings are automorphisms of Q(,/2, J/3): 
Hat b/2+e/3+d/6-—a+b/2+e/3+ d /6 
wat b/2 + e /3 c d/6—a— b + c 3 — a 6 
asia + b/2 + c /3 c d/6— a 4 b/ 2 — c 3 — a6 


04:8 + b /2 + c /3 4 di/6— a — bJ/2 — e /5 + a/b 


Notice that in Examples 2-4 the restriction of « to the subfield Q is the 
identity on Q: 


ala: Q— Q 

ala: x — x. 
In Example 4, 

& is the identity on Q(/2, Ak 

95 la is the identity on the subfield Q(,/3); 

25 lava is the identity on the subfield Q(,/2); 

4 oe) is the identity on the subfield Q(./6). 
Read Stewart: Chapter 7, pp. 80-83 (the end of Example 2). 
The following technique is worth noting. 


Technique. Let L: K be a field extension and le L be a root of an ele- 
ment of K: 


D 


l-—keK for some positive integer n. 


See Section 2.3, Problem 4. 


See Problem 2.3.8. 


See Strategies Supplement. 


See Unit 2, Section 2.3, Frames 
15-17, and also Theorem 2.4.6: 
if $ is an automorphism ofa field 
K, then $(x) = x for all x in the 
prime subfield of K. 
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Then possible images (1) for | under a K-automorphism « of L may be 
found by considering (a(1))": 

(a(D)" = a(l”) 

= a(k) 

k (because g is a K-automorphism of L). 


(because x is an automorphism of L) 


Thus, if ] is an nth root of k, so also is a(l). 
Examples of Galois Groups. 
T(Q(/2, ,/3): Q) = (as, a2, s, a4). 
This is a group of order 4 in which each element is its own inverse, so 


T(Q(/2, /3): Q) = V. 
Also 


T(Q(2, /3): QG/3)) = (o, o5). 


which has order 2, so that 


KAV, /3): Q(/3) = €;. 


Problem 7.1.1.P. Find all the Q-automorphisms of Q(./2), and 


identify the Galois group I(Q(,/2): Q). o 
Problem 7.1.2.P. Find all the Q-automorphisms of Q(i, J3) and 
identify the Galois group I (Q(i, /3): Q). o 


Problem 7.1.3.P. Find all the Q-automorphisms of Q(c), where c? = 7 
and c € R, and identify the Galois group I'(Q(c): Q). 


Problem 7.1.4.P. Identify the Galois group I'(Q(d): Q), where dt 
and d e R. 


Problem 7.1.5.P. Consider F,, the field (0, 1, o, 8} with operations 
specified by the tables 


Il 
Jt 


Let K be the subfield (0, 1}. Identify the Galois group I(F, : K). 
Problem 7.1.6.1. 
m(t) = ag + aat cba uU Fn 


Suppose that the polynomial 


belongs to K[1], that c is a zero of m, and that « € I(K(c): K). Show that 
a(c) is also a zero of m. [] 


Problem 7.1.7.T. Suppose that K(c): K is a simple algebraic extension, 
that c has minimum polynomial m over K, and that « e I(K(c): K). Show 
that a(c) also has minimum polynomial m over K and that the elements 
of the Galois group permute the zeros of m. 


Problem 7.1.8.P. 
(i) Factorize the polynomial m(t) = t* — t? — 2 over Q. 
(i) Find an algebraic extension L of Q which contains all the zeros of 


m. 
(iii) Is it true that, for each pair of zeros c, d of m, there exists an auto- 
morphism « of L such that a(c) = d? [] 


‘Find an automorphism’ means 
‘Specify the image under the 
automorphism of each element 
in its domain.’ 


‘Identify the group’ means ‘Iden- 
tify the group as being isomor- 
phic to a particular group’: for 
example, V, C,, S,. 


The field F, was introduced in 
Section 2.1. 


This problem gives an extension 
of the technique described in 
Section 7.1 for the special case 
m(t) = 1" — k. The result is very 
important. 
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72 TheGalois Correspondence 


In this section we discuss the relationship between the subgroups of the 
Galois group T(L: K) and the subfields of L which contain K. 


In Section 7.1 we saw that 
T(QQ/2, ./3): Q) = (x, 0, 03, 04} x V 
and 
T(Q2, 3): Q(/3)) = (24,25) = Cp. 
Clearly. 
NAV /3): Q(/2, /3) = (a) & 1. 
Corresponding to the field Q(4/2, .//3) with subfields Q(./3), Q: 


Q c Q(/3) c Q(2, /3), 


we have the group (2;, «3, 05, %4} = V with subgroups (2,,0,) = C, 
and {a,} = 1: 


(01> 05,05, 04) 2 (0,05) 2 {a}. 


Note that the inclusion signs are reversed. 


Read Stewart: the remainder of Chapter 7, pp. 83-84. 


Note. The definitions of the two maps * and } are not displayed, so we 
include them here. 


Definitions. Let L:-K be a field extension. 


The map * associates a subgroup of I'(L: K) with an intermediate field 
M, where K © Mc L, by 


M* = I(L: M). 

The map f associates a subfield of L with a subgroup H of I(L: K) by 
H'-2íxeL:a(x) =x forall ae H}. 

The subfield H is called the fixed field of H. 


We now prove that each of the maps * and 1 reverses inclusion. 


Lemma 7.2.1. If H, G are subgroups of I(L: K) and H € G, then 
A'2>G. 
Proof. We take a typical element x e Gt and show that x e Ht. 
Since x € Gt, we have 
a(x)=x forallaeG. 
Now H & G, so, in particular, 
a(x) =x forall «eH. 
Hence x e H'. It follows that 
H 2 &. E 
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Lemma 7.2.2. If M, N are intermediate fields and K S M ES N E L, 
then M* > N*. 
Proof. We take a typical element « € N* and show that « e M*. 
Since a € N*, we have 
a(x) =x forall xe N. 
Now M € N, so, in particular, 
a(x) =x forall xe M. 
Hence « € I(L: M). It follows that 
M* 2 N*. 
Problem 7.2.1.P. Consider the field extension Q(,/2, JB): Q. In 
Section 4.5 we saw that the complete lattice of intermediate fields is 


"m. E 
2 Q(/6) Q(./3) 
ECKE s 


Q 
where the arrows denote inclusions. 
G) Find Q(/2)* and Q(,/6)*. 
(ii) Find Q3)", Q,/2)*' and Q(,/6)*'. 
(iii) Is it true that M*' — M for every subfield M of Q(/2, J3) which 
contains Q? 


(iv) In Section 7.1 we calculated I(Q(4/2, J3): Q). Call this group G. 
For each of the five subgroups H of G, calculate H' and H'*. Is it 
true that H'* — H for each of these subgroups H? m 

Problem 7.2.2.P. Consider the field extension L: K of Problem 7.1.5. 

() Find all the subgroups of the Galois group. 

(ii) Find all subfields between K and L. 

(iii) Is the Galois correspondence a bijection? 

Problem 7.2.3.P. Consider the field extension Q(c): Q, where c? — 7, 

and c e R. 

(i) Find the fixed field of the Galois group G = I (Q(c): Q). 

(ii) Is the Galois correspondence a bijection? 


Hint. All the relevant calcula- 
tions have already been per- 
formed in earlier parts of the 
problem. 


We considered this field exten- 
sion in Problem 7.1.3. 


Normality and Separability 
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8.0 Introduction 


This unit covers Stewart: Chapter 8. 


In this unit we begin to fill in the details of the development outlined in 
Unit 7: we associate first of all a field extension with a polynomial, 
secondly the Galois group with the extension, and then we consider the 
Galois correspondence. 


We shall need: 


The result that, if m is a non-constant irreducible polynomial over a 
field K, there exists a simple extension L: K such that L contains a 
zero of m. 


The result that t — « divides the polynomial f if and only iff(«) = 0. 


The factorization 
#—1= (t (7+? +--+ t+ 1). 

The fact that the complex nth roots of 1 are e?**/", where 
k=0,1,...,2-1. 


The purpose of this unit is to consider two properties, normality and 
separability, that a field extension L: K may or may not possess; these 
properties form part of the conditions which will ensure that the Galois 
correspondence for an extension is a bijection. 


Normality implies that an irreducible polynomial with a zero in an 
extension field splits in that extension field. Separability implies that its 
zeros are then distinct. The two together are essential for the Galois 
correspondence to work. 


Of these, separability is easier to deal with. For fields of characteristic 
zero it is automatic, and since we concentrate on these, our main aim is to 
establish that it is automatic. 


Normality is never automatic, but can often be arranged. It is most 
approachable by way of splitting fields, extensions obtained by adjoining 
all the zeros of some polynomial. 


12 


Everything you need to know for 
this course about complex num- 
bers is covered in the Foundation 
Course. 


8.1 Splitting Fields 


Read Stewart, Chapter 8, pp. 86-90. 


Problem 8.1.1.P. In each case, decide whether or not the polynomial f 
splits over the field K. If it splits, decompose it into linear factors. 

(0 K=Q:f=r-4. 

(ii) 2 

(iii) 
(iv) 
(v) 
(vi) 


o 


Problem $.1.2.P. In each case, construct a splitting field X for the 
lvi over the field K by adjoining roots of f to K. Find the degree 
n so formed. 


(vii) 


K sJ =ra2 
K-Q:f —P — 5? + 131-9, 
K JE T 
(iv) K=Z,:f=P+1 
() K-R;f-r-—2r4 
(v) K-R;f-r*-m. 
(i) K=Z,;f=P41 o 


Problem 8.1.3.P. Using the identity 
cos 30 = 4 cos? 8 — 3 cos 9, 


construct a splitting field for 87? — 6t — 1 over Q and show that it has 
degree 3. m 


Problem 8.1.4.T. Suppose that X is a splitting field for the monic 
polynomial f over the field K. and that Of =n. Prove that [Z: K] 
divides n!. m 
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8.2 Normality 


Read Stewart, pp. 91-92. 
Problem 8.2.1.P. Which of the following field extensions are normal? 
Give reasons for your answers. 

) C:Q. 

Gi) Q(2):Q. 

(ii) Q(,/2, /3): Q. 

(iv) Q:Q. 

(v) Fy: Zp. 

Problem 8.2.2.T. Suppose that L: K is a field extension of degree 
Prove that L is normal over K. 

Problem 8.2.3.T. Suppose that K € M € Lis a chain of fields and that 
[L: K] < oo. Establish the truth or falsity of the following propositions. 
(i) If L: K is normal, then M: K is normal. 

(ii) If L: K is normal, then L: M is normal. 

(iii) If L: M and M: K are normal, then L: K is normal. 


n 


8.3 Separability 


Read Stewart, pp. 92-97. 
Problem 8.3.1.P. Which of the following polynomials are separable? 
Give reasons for your answers. 

(i) t? + lover Q. 

(ii) t? + 1 over Z;. 

(iii) t? + u over Z;(u), where u is transcendental over Zis 
(iv) t? + t + 1 over Z,. 

(v) 175 — 8? + 327 — 21 over Q. 


Problem 8.3.2.P. Which of the following algebraic extensions are 
separable? Give reasons for your answers. 


(i) Fa :Z,. 


(i) QGQT, 5, ):@. 


(ii) Z,(u, v): Z;(u), where u is transcendental over Z,, and the minimum 
polynomial of v over Z,(u) is t? + u. 


Problem 8.3.3.T. Suppose that L: K is a separable algebraic extension 
and that M, M; are fields such that K € M, € M, € L. Show that the 
three extensions 


M,:K, M,:M, and L:M, 


are separable. 


Cf. Theorem 6.3.2: If N is a 
subgroup ofa group Gand N has 
index 2 in G, then N is normal 
in G. 


Field Degrees 
and Group Orders 
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90 Introduction 


This unit covers Stewart: Chapter 9. 


In this unit we take the next step towards the proof of the Fundamental 
Theorem of Galois Theory in Unit 11, picking up threads from Block I 
and Unit 7. We shall require the Degree Theorem: 


if K, L, M are fields and K € L € M, then 
[M: K] = [M: L][L: K]. 


The work forms a coherent whole so it is probably sensible to read the 
material in Stewart through at least once, doing no more than skim 
through proofs, before beginning detailed study. 


In Section 9.1 we provide notes on Lemmas 9.2, 9.3, Corollary 9.5 and 
Example 2. We also provide detailed notes on Theorem 9.4: we reproduce 
Stewart's proof with annotations. The notes are intended to indicate 
the sort of details you should construct for yourself when studying 
intricate proofs. Such detailed printed notes will not be provided for 
proofs in subsequent units. 


The tape section containing detailed commentary on the proof of 
Lemma 9.1 also contains suggestions as to how to read and understand 
theorems and their proofs. 


91 Results and Problems 


Read Stewart: Chapter 9, pp. 99-104. 
Lemma 9.1. There is a TAPE commentary on the proof. 
Lemma 9.2. We proved this lemma as Corollary 4.4.8 in Unit 4. 
Lemma 9.3. Fora fixed element g of a group G, the map 
G—G 
ay 99; 
is a bijection. 


Theorem 9.4. Let G be a finite subgroup of the group of automorphisms 
of a field K, and let Ko be the fixed field of G. Then 


LK: Ko] = IGI. 
Proof-strategy. The proof-strategy is to rule out the possibilities 
[K: Ko] < |G| and [K: Ko] > |G]. 


See Stewart: Theorem 4.2 or 
Unit 4, Theorem 4.5.1. 


Whilst reading the proof, it is 
essential to keep track of which 
sets the various elements come 
from. 


Stewart’s Proof 


Let n = |G|, and suppose that the elements of 
Gare g;,..., g,, where g, = 1. 


(1) Suppose that [K: Ky] = m < n. 


Let {x1,..., Xm} bea basis for K over Ko. 
By 9.2 we can find y,,..., Y, € K, not all zero, 
such that 

gy cc g,)y, = 0 (3) 
forj- 1,...,m. 


Let a be any element of K. Then 


A= 0X, dT X, 
where a),..., Am € Ko. 
Hence 


gi(a)yi + --- + gay, 


= 9d Gm )yy te + In > 0X) Vn 
l $ 


II 


È ala: +++ + gaan) 


zd) using(3). 


Hence the distinct monomorphisms g,, . . . , g, 
are linearly dependent, contrary to 9.1. 


n 


Therefore 


m 2 n. 


M333 II 9.1 


Remarks 


The elements g,,.. . 
of the field K. 


Then there is a basis for K as a vector space over 
Ky with m elements, where m < n. 


, 4, are Ko-automorphisms 


The elements x,, ... , x, are in K. 


Equation (3) represents the system of equations 


g103)Y1 + 930)Ya +--+ + 9, u)y, = 0 
K) c + In(X2)Vn = 0 


a0.) tc + GnlXn)Pn = 0 


with typical coefficient 
g(x y eK, 


in the unknowns y,,... > Jn € K. 


There are m equations in n unknowns, and 
m < n, so, by Lemma 9.2, there is a solution in 
which y,,..., y, are not all zero. 


The element a can be written as a linear combi- 
nation of the basis elements x,,..., x, with 
coefficients in Ky: 


a — Y ox. 
1 


We are going to prove that the automorphisms 
J1» - - , Jn are linearly dependent. 


Since the g; are Ky-automorphisms, they preserve 
addition and multiplication and fix Us 4a oles 
Thus 


aÈ % Xx) = È glxi) 
= 2,08) 


= » % gi(xi). 


The elements y,,..., y, were chosen to satisfy 
Equation(3). We actually proved that y,g, + 
Y292 + +++ + y,g,1s the zero function: it maps 
every a e K to zero. Since y,, . . . , y, are not all 
zero, this shows that g,,...,g, are linearly 
dependent. 


Here Lemma 9.1 is applied to automorphisms 
K —>K, which are a special sort of monomor- 
phisms K — L. 


We have reached a contradiction, so our assump- 
tion (that m < n) must have been false. 


Stewart’s Proof 
(2) Next suppose that [K: Ko] > n. 


Then there exists a set of n + 1 elements of K 
linearly independent over Ky; let such a set be 


(xpi x25. Xavi} 


By 9.2 there exist y,, .. . , Yn+1 € K, not all zero, 
such that for j = 1,...,n 


gj)» Ferr Ga. =0. (4) 


We shall subject this to a combinatorial attack, 
similar to that used in proving 9.1. 


Choose y,, ..., Yn+ı SO that as few as possible 
are non-zero, and renumber so that 

Vise sss Ye #0, ena Ynti = O. 
Equation (4) now becomes 

Ja +++ + G(X), = 0. (5) 


Let g € G, and operate on (5) with g. 


This gives a system of equations 


99,(%1)901) poc 99(X)GOr) = 0. 


By 9.3 as j varies this system of equations is 
equivalent to the system 


gí0:1)901) + +> + G%)IO) = 9. — (8 


If we multiply the equations (5) by g(y,) and (6) 
by yı, and subtract, we obtain 


G(X2)(¥2901) = gW) t 
+ 9%) I) — 8Y) = 0. 


This is a system of equations like (5) but with 
fewer terms, which gives a contradiction unless 
all the coefficients 


Yig) — Vig) 
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Remarks 


Then the dimension of K over Kọ is at least 
n + l,so we can find n + 1 linearly independent 
elements of K over Ko. 


Thus x,,..., X,+; e Kanda linear combination 
of x,,..., X,4, With coefficients in Ky can be 
zero only if all the coefficients are zero. 


The images g,(x;) form the n x (n + 1) array of 
coefficients of the equations: 
GXi t ccc nO Wns = 0 
gaG3)yi ccc doni = 0 


GX V1 co dO Ys = O. 


These are n equations in the n + 1 unknowns 
Yı» <- Yn 1 € K, so, by Lemma 9.2, there is a 
solution in which y,,..., y,, ; are not all zero. 


The strategy is to assume that we have some- 
thing as small as possible (n in this case) and 
derive a contradiction. 


We must, of course, choose a solution in which 
dai cars Vn+1 are not all zero: 

Yı = y2 => = Yn =O 
is a solution! 


Equation (4) represents the system of n equa- 
tions given above. 


Pere Fe dyno cy Me 


Since g is an automorphism, g preserves addition 
and multiplication: 


AG (Xr +--+ + go) 
= GGilX1)¥1) +--+ + (o )»,) 
= (99j(X))901) +--+ + G9kx))90,)- 


As j varies, gg; gives all of g,,... 
that the system of equations 


99 x09gQ) + °° 
is the same as the system of equations 
4j0)9Q) Sess 


the only difference being that they are written in a 
different order. 


+ gs. It follows 


(Early editions of Stewart have an error in the 
last term.) 


This is a system of equations like (5), but with 
fewer than r non-zero terms, and y; replaced by 


Xii) — vig) fori 2 2. 


Stewart’s Proof 


are zero. If this happens then 


yii € Ko- 


Thus there exi . Z, € Ko and an element 


= kz; for alli. 


sation (5), with j = 1, becomes 


14- axkz =0 


and sin = 0 we may divide by k, which 
shows that wie x, are linearly dependent over Ky. 


This is a contradiction. Therefore [K: Ko] € n 
and then the first part of the proof shows that 


[K: Ko] =n = |G] 


as required. [| 


Corollary 9.5. 
H is a finite subgroup of G, then 


LT: K] = EL: KI HI. 
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Remarks 


The field Ko is the fixed field of G. 


Put z; = yy;! fori=1,...,r and k=y,; 
then y; — kz;, since multiplication is commuta- 
tive. 


The automorphism g, is the identity. 


Dividing by k, we get 
XiZ, +++ + x,2z, = 0, 


where z,,... 
Zero. 


,z,€ Ko and z,,..., z, are not all 


If G is the Galois group of the finite extension L: K and 


Proof-strategy. The proof applies Theorem 9.4 with the following re- 


placements: 
‘Large’ field : Fixed field of Group 
Theorem 9.4 K ; Ko G 
| | | 
Corollary 9.5 L : Ht H 
to give 
LL: H*] = |H]. 


It also applies the Degree Theorem to the fields K € Ht c L: 


LL: K] = EL: At)": K]. 


Example 2 on page 103. 


We justify the fact that the minimum polynomial of w over Q is 


m(t) =i - P4424 1. 
We know that c is a zero of 


— 1 = (t — Im) 


but not oft — 1, so w is a zero of m(t). Moreover, m(t) is monic, so all we 
have to do is show that m(t) is irreducible. Consider the polynomial 
m(t + 1). We can show that m(t) is irreducible if and only if m(t + 1) is 


irreducible as follows: if 


m(t) = g(tyh(t) 
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then 

m(t + 1) = g(t + 1)h(t + 1), 
and if 

mt + 1) = p(t)f (0) 
then 

m(t) = p(t — 1) f(t — 1). 
Now, 


mt + 1)=(¢+ 1)*+(@4+179 -(r-1? 404141 
= f+ 5P + 107 + 101 5. 


Eisenstein’s criterion with q = 5 shows that m(t + 1) is irreducible in 
Z[t]. Hence m(t + 1) is irreducible in Q[1], and so m(t) is irreducible in 


Q[:!]. 


We shall often use this technique to find the minimum polynomial of a 
pth root of 1, where p is prime. 


Problem 9.1.1.P. Two distinct monomorphisms C — C are given by 
Ayix + ipx + iy, 
Api x + ipx — iy. 


Prove from first principles, without using Lemma 9.1, that 4, and Ay are 
linearly independent over C. El 


Problem 9.1.2.T. Prove that if g is a fixed element of a group G then 
the map 


$: gj —— 99 
is a bijection G — G. o 
Problem 9.1.3.P. Verify the result of Theorem 9.4 in the case 
K = QA, SD), 
taking G to be each of the five subgroups of I (Q2, J3): Q)in turn. O 
Problem 9.1.4.P. Verify the result of Theorem 9.4 in the case 
K = QAYD, G = T(Q(2): Q). 
Problem 9.1.5.P. Verify the result of Corollary 9.5 in the case 
L=Q/2), K=Q, 
taking H to be each subgroup of T(Q(.7/2): Q) in turn. O 


Problem 9.1.6.P. Using the arguments in Stewart: p. 103, Example 2 

as a model, illustrate Theorem 9.4 and Corollary 9.5 as follows. 

(i) Find the elements of the Galois group G = T(Q(@): Q), where 
o= etri". 

(ii) The group G has a unique subgroup H of order 3; find H and hence 
find the fixed field Ht. 
(You will need to use the minimum polynomial of w over Q.) 


(iii) Verify Theorem 9.4 for the group G. 


(iv) Verify Corollary 9.5 for the subgroup H. 
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This argument would not work 
if we tried comparing m(t) with 
m(t?): for example, t— 1 is 
irreducible in Q[t] but t? — 1 is 
not. 


See Solution 7.2.1(iv). 


See Solutions 7.1.4 and 8.2.3(iii). 


Field Monomorphisms 


100 Introduction 


This unit covers Stewart: Chapter 10. 


In this unit we prove the first half of the Fundamental Theorem of Galois 
Theory: we prove that, for any finite field extension, normality and 
separability are necessary for the Galois correspondence to be a bijection. 
The proof that these conditions are also sufficient follows in Unit 11. 


The main results and ideas on which the development rests are: 


the concepts of normality and separability; 

the uniqueness of splitting fields; 

the relation between field degrees and group orders; 
Strategy C 


The Introductory Problem in Section 10.1 provides an example which is 
manageable whilst still being substantial enough to illustrate the theorems. 
The other problems are mainly computational ones; some are rather 
transparent because they have been selected for simplicity. 


The tape contains a large number of comments about the details of this 
chapter. 


10.1 An Introductory Problem 


There is no reading passage for this section. You may need to refer to 
Stewart: p. 43, Theorem 3.8, and to the Strategies Supplement. 

The following problem concerns the familiar field QRA, w) which we 
considered in Units 5 and 8. Here we write 2 as 0, to avoid cumber- 
some notation. 


Problem 10.1.1.P. Consider the field Q(0, c) where œw = e?"?, The 
minimum polynomial of 0 over Q is 


m(t) = 0 — 2. 


(i) Find the minimum polynomial m, of o over Q. 

(ii) By considering m, and mj, find two integers which divide 
[Q(6, v»): Q]. 

(ili) Let m4 be the minimum polynomial of 0 over Q(w). Find an 
expression for [Q(06, o): Q] in terms of 0m;. 

(iv) Deduce that [Q(0, œ): Q] = 6 and that m, = m,. 

(v) Apply Strategy C to find three Q(w)-automorphisms of (Q(c))(0). 

(vi) By repeating steps (iii)-(v) (suitably modified), or otherwise, find 
two Q(0)-automorphisms of (Q(0)) (o). 

(vii) Write down six Q-automorphisms of Q(@, œ). 

(viii) Why do these six automorphisms constitute the whole of 
I(Q(0, œ): Q)? 

(ix) To which familiar group of order 6 is r(Q(8, œ): Q) isomorphic? 
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Stewart: Chapter 8 (Unit 8). 
Stewart: Chapter 8 (Unit 8). 
Stewart: Chapter 9 (Unit 9). 
Strategies Supplement. 
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In Problem 10.1.1 we obtained the elements of 
I(Q(8, ©): Q) 

by considering the two simple extensions 
QO. w): Qw) and Q(60,o): Q(8). 


In Chapter 10, Stewart proves a result (Theorem 10.6) which gives a 
strategy for finding all the automorphisms of a normal extension L: K. 
The theorem essentially tells us that we can use any decomposition of the 
extension into a chain of simple extensions of the form 


K(«): K, K(a, B): K(a)..... L: K(a, B, y, ...). 


Thusthe strategy uses some of the ideas we used in solving Problem 10.1.1 
but in an easier setting. For example, when armed with Theorem 10.6, we 
can solve Problem 10.1.1 more easily by considering the two simple 
extensions 


Q(60:Q and Q@, w): Q0). 


10.2 K-monomorphísms 


Read Stewart: Chapter 10, pp. 106-107. 


Theorem 10.1 l There is a TAPE commentary on these results and 
Proposition 10.2 | their proofs. 


Problem 10.2.1.P/T. With the same notation as in Problem 10.1.1, 
consider the fields 


Q = Q(0) = QE, o). 
(i) Prove that the map 
1: Q(60) — Q0, o) 
tia + b0 + c6? —5 a + bo + chw? 
is a Q-monomorphism of Q(4) into Q(0, o). 


(ii) Give an example of a suitable polynomial f whose existence is 
asserted by the proof of Theorem 10.1. 


(ii) Describe the field «(Q(6)). 
(iv) Find a Q-automorphism c of Q(8, w) such that 


Flo) = t. Oo 


Problem 10.2.2.P/T. Consider the fields 
KOMCL 

where 
K-Q, M=Q/2), L= Q). 


(i) Give an example of a K-monomorphism of M into L which does not 
extend to a K-automorphism of L. 


(ii) Which hypothesis of Theorem 10.1 is not satisfied? O 
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Each extension involves the 
‘large field, Q(0, œ). 


The ‘large field’, Q(0, w), is in- 
volved in only the final extension 
of the ‘chain’. 
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Problem 10.2.3.T. (Based on Stewart: Exercise 10.1.) 


(i) Suppose that L: K is a finite extension. Show that every K-mono- 
morphism L — L is an automorphism of L. 


(ii) Consider the extension K(t): K. 
(a) Prove that the map 


t: K(t)  K(t) 
t: f(t) f(t’) 


where f is a quotient of polynomials, is a K-monomorphism of 
K(t) into K(t). 


(b) Prove that t is not an automorphism of K(t). 


1O.3 Normal Closures 


Read Stewart: from the bottom of p. 107 to p. 112. 


There is a TAPE commentary on this reading section. 


Notes on Theorem 10.8. 


l. This theorem is a first stage in the proof that, for any finite field 
extension, normality and separability are sufficient for the Galois 
correspondence to be a bijection. It ensures that 


(K*)' = K. 
2. The proof is illustrated by the following diagram: 


|} degree |G|, by Theorem 9.4, 
degree n K, which is n, by Corollary 10.7. 


| 


K 

The Degree Theorem shows that K = Ky. 
Problem 10.3.1.P. (Based on Stewart: Exercise 10.2.) 
Construct normal closures N for the following extensions. 
(a) Q(): Q, where y is the real 5th root of 3. 
(b) Q(B): Q, where £ is the real 7th root of 2. 
(c) Q2, /3):@. 
(d) Q(0, JD: Q, where Ó is the real cube root of 2. 
Problem 10.3.2.P. (Based on Stewart: Exercise 10.3.) 


Find the Galois groups of the extensions in Problem 10.3.1. oO 


Problem 10.3.3.P/T. Verify Lemma 10.4 in the following case: 
K=Q, L=Q(6), N=Q(6,0) M =C; 


0 is the real cube root of 2; 


2ni/3 


=e 
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“Construct N’ means ‘Find ele- 


ments a, fj 


N = Q(z, f... 


J. 


of C such that 
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Problem 10.3.4.T. (Based on Stewart: Exercise 1 0.5.) 


(i) Show that Lemma 10.4 remains true when the condition that N is a 
normal closure of L: K is replaced by the condition that N: K isa 
normal extension. 

(ii) Give an example to show that Lemma 10.4 fails if we do not assume 
that N: K is normal. 


Problem 10.3.5.P. Let L = Q(y, n), where y is the real 5th root of 3 and 
— p2ni/s 
nee: 


(i) In Solution 10.3.1(a) we saw that the minimum polynomial of y over 
Qis 
p -3. 
Hence find [Q(y): Q]. 
(i) The minimum polynomial of n over Q is given in Stewart: Chapter 9, 
as 
t* 4-4 ]1. 
By considering the degree of the minimum polynomial of y over 
Q(7) and degrees of subfields of L over Q, find [L: QJ]. 


(iii) Prove that the order of T(L: Q) is 20, by putting K = Q and a = y, 
and working through the steps in the proof of Theorem 10.6. 


(iv) Prove that the elements of I(L: Q) are the maps 
ip; (omoes Ss Pe sd) 
where 


ail) =n), cmm 
PY) = 7, p(n) = n. o 


Problem 10.3.6.P. Repeat the programme of Problem 10.3.5, with 
suitable modifications, for the field N = Q(f, £), where B is the real 7th 
root of 2 and ¢ = e?"i/7, 


Strategy for finding Galois groups of finite separable normal extensions 


The solutions to Problems 10.3.5 and 10.3.6 illustrate an important 
general method for calculating the elements of a Galois group. We shall 
describe the method and give an example of its application, but first we 
must take another look at the solution to part (iii) of Problem 10.3.5 to 
see how the method can be improved for practical use. 


In this part of the solution, we were working through the proof of Theorem 
10.6 for the particular example L: Q = Q(y, n): Q. We therefore found 
four Q(y)-automorphisms p,,..., p4 and five further Q-automorphisms 
7,,..., ts and we then had to show that the twenty composites Tipj 

(i) are distinct 
and (ii) are all the Q-automorphisms of L. 
Having done this, we had found all the elements of the Galois group 
| T(L: Q). 
The proof of Theorem 10.6 does step (ii) in general and so shows that, 
when L is a finite normal separable extension of K, this method will 
always enable us to find every element of the Galois group. The argument 
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Cf. Solution 10.3.1(b). 


Our strategy is based on the 
proof of Theorem 10.6. 


M333 II 10.3 


for step (i) in general is as follows, using the notation from the proof in 
Stewart: 


We shall show that the maps ġ;; are distinct K-monomorphisms of L 
into N. Suppose that 


Qij = bu 
so that 

TiPj = Ph 
then 


Tp) = Tupa). 

Since p; and p, are K(«)-monomorphisms, we have 
(x) = (a). 

Therefore, from the definitions of the t;, we have t; = t, and so 
Ti Pj = Tipi. 

Since q; is a monomorphism, this gives p; = pj. 


Thus we do not need to check each time that our strategy produces distinct 
automorphisms or that it produces all of them; we simply quote Theorem 
10.6. 


Our strategy for finding the Galois group I'(L: K) of a finite normal 
separable extension L: K can therefore be summarized as follows. 


1. Express L as K(a,, ...,0,). 

2. Find the minimum polynomial m, of «, over K and, for i = 2,..., r, 
find the minimum polynomial m; of a; over K(«,,..., %;— 1). 

3. Fori = 1,...,r, find all the zeros of m;in L: since L: K is normal and 
separable there will be ôm; of these. 


4. Then, for i = 1,...,r, Proposition 10.2 tells us that, for each of the 
zeros fj;; of m;, there isa K(,, ..., &;— ,)-automorphism of L mapping 
a; to B;;; these are ôm; distinct elements of I(L: K). 

5. Then Theorem 10.6 tells us that we have dm, x dm, x --- x Om, 
distinct elements of I'(L: K): these are the composites 6,9; ... Qr, 
where, for i = 1,...,r, $; is one of the K(a,, ..., o; ,)-automor- 
phisms whose existence is found in Step 4. Thus |T(L: K)| = [L: K], 
which proves Corollary 10.7. 


Note that Step 2 is precisely what we needed to do when using Strategy B 
in the Strategies Supplement to calculate the degree [L: K]. Also, since at 
each stage [K(a,,..., oj): K(a,,..., 9; .,)] = 0m, the degree [L: K] is 
also equal to dm, x --- x Om,. So this strategy follows directly from 
Strategy B and we often carry them out simultaneously. Note also that, 
ifr = 1, so that L = K(o,), this strategy is simply Strategy C from the 
Strategies Supplement: in this course, r will nearly always be 1 or 2. 


Example. In order to show clearly the different steps in the strategy we 
shall present the field L in a manner which is unnecessarily complicated, 
in the sense that the expression for L given in Problem 10.1.1 lends itself to 
a simpler application of the strategy. Let o, f, y be the distinct zeros of 
P — 2inC;let K = Q and let L be the splitting field in C fort? — 2. Then 
L: Q is finite, normal and separable. 
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L is often given or found in this 
form. 


We did this in parts (i) and (ii) 
of Solution 10.3.5. 
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Step 1. L = Q(o, f, y). 


Step 2. The minimum polynomial of « over Q is m,(t) =P — 2. 
In Q(o) [t] the polynomial t? — 2 has the linear factor t — « but does not 
split completely, so that 


D — 2 = (t — «m,(0), 


where m, is a quadratic polynomial in Q(«) [1], and m,(t) is the minimum 
polynomial of f over Q(a). 


In Q(x, f)[t] the polynomial t? — 2 has the linear factors t — «and t — B 
and so it must split completely. Hence y e Q(a, f), and the minimum 
polynomial of y over Q(z, f) is m3(t) = t — y. 


Now [L:Q] = dm, x Gm, x 0m, =3xX2x1=6. 


Step3. In L the zeros of m, are o, f), y; the zeros of m, are fl, y; the only 
zero of m; is y. 


Step4. By Proposition 10.2 there are Q-automorphisms 1,, t3, t3 of L 
such that z,(x) = 4; (a) = B;t3(w) = y. The effect of ,, 1, , t3 on B and y 
is not specified. Also, by Proposition 10.2, there are Q(x)-automorphisms 
1,2 Such that o(p) = P; o(p) = y. Since ôm, = 1, at the last stage the 
only automorphism whose existence is guaranteed by Proposition 10.2 
is the identity. 

Step 5. The elements of I(L: Q) are the six composites 

i= 1,2,3;j = 1,2. 


If we want to find the effects of the c; and c; explicitly, we shall have to do 
some more work. Since t, is a Q(a)-automorphism, t,(f) must be a zero 
of m2, so t,(B) = f or y. By taking the composite with c; if necessary, 
we may assume that 7,(f) = f. Now consider r,. Since f is a zero of m;, 
we know that t,() is a zero of t,(m,). But 


P2 


TiOj, 


T(t? — 2), — since t, is a Q-automorphism, 
t;((t — a)m,(t)) 
(t — t2(«))t2(m2(t)) 
= (t — B)(t2(m2)(t)) 
so the zeros of t,(m,) are « and y. By Theorem 3.9, we may take c;(f) to be 
either of these zeros, so we may assume that t,() = y. Continuing in this 


way, we see that the six composites z;c; are given by the six permutations 
of a, f, y. 
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The Fundamental Theorem 
of Galois Theory 


M333 II 11.0 


11.0 Introduction 


This unit covers Stewart: Chapters 11 and 12. 


In Section 11.1 we collect together the results from Units 8-10 to prove 
the Fundamental Theorem of Galois Theory which completes the 
theoretical discussion of the Galois correspondence. In Section 11.2 we 
analyse a particular splitting field to illustrate the working of the 
Fundamental Theorem; the Problems give you an opportunity to carry 
out similar analyses. 


By the end of this unit we shall have completed much of the programme 
outlined in the diagram: 


Polynomials Cf. Section 6.0. 
Fields 
Field Extensions ———» Galois Groups 


Results about <— Results about Groups 
Field Extensions 


Results about 
Polynomials 


After the necessary group theory is discussed in Unit 12, the final two 
steps can be completed, including the solution to the classic problem of 
determining when a polynomial equation is soluble by radicals. 
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111 The Galois Correspondence 


Read Stewart: Chapter 11, pp. 114-117. 


There is a TAPE commentary on this chapter. 


Notes. 1. The definition of index of a subgroup is on page 116 of 
Stewart. 
2. By Lagrange’s Theorem, this index divides the order of the 
group. 


11.2 AnExample 


In this section the splitting field of /* — 2 over Q is analysed, together 
with its Galois group. An important technique, which we have encoun- 
tered before in the solution of problems in Unit 10, is the breaking down 
of an extension 


K(a, B,...,6):K 
into a chain of simple extensions: 
K(x): K,  (K(a))(B): Ka), 


This technique will be used again when we consider the solution of poly- 
nomial equations by radicals in Unit 14. 


Read Stewart: Chapter 12, pp. 118-122. 
Notes on Stewart: p. 119, Step 4. 


The notation <- - -> for describing a group is very convenient: it enables 
us to present all the essential information about a group succinctly. 


We begin with the Q-automorphisms c and t, where 

oH) =i,  o(¢) = ič 
and 

(i) = —i,  «D-E 
Once it is established that the 8 possible products cc! give all the elements 
of G = T(K: Q), the presentation 

G=0,t: o=?=1, to = 0°) 
summarizes the information and gives an algorithm for reducing any 
product of powers of c and t: to the form 


v^ (i= 0,1,2,3; j=0,1). 


gi 


The algorithm is 
A: replace every occurrence of ta by o°t; 


B: repeat A until no occurrence of to remains; 


C: replace the resulting term o" by c, where i is the remainder on 
dividing m by 4; 
D: replace the resulting term c" by x? if n is even, by « if n is odd. 
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To see that G = Dg, consider the zeros of t* — 2 in the complex plane: 
they lie at the corners of a square: 


l—it 


Since K is a splitting field for ;/* — 2 over Q, the elements of G permute 
the zeros of /* — 2. The automorphism ø acts as an anti-clockwise 
rotation through z/2 and zq acts as a reflection in the real axis. We know 
that these geometric transformations generate the symmetry group of 
the square: Dg. 


Problem 11.2.1.P. Consider the extension Q( 4/2, /3): Q. Recall that 
we have previously found that 


(a) [Q(/2, V3): Q] = 4 = Ir(Q( 2, V3): Q)I; 
(b) the Galois group is (1, c, t, ot) where 
Gifts — Ao «x22 
e: V3 — V3 t: V3. 5 — 3; 
(c) the subgroups of I(Q(4/2, V3): Q) are 
{1}, {l,o}, {1,7}, {1,ot}, {l, 6,1, ot}. 
G) Give a presentation of G = T(Q(,/2, ,/3): Q) in the form 
G=(0,t: +++). 
(ii) List the normal subgroups of G and prove that the corresponding 
extensions of Q are normal. 
(iii) Check that the Galois groups of the normal extensions are iso- 
morphic to the appropriate quotient groups. LJ 
Problem 11.2.2.P. Consider the extension Q(w): Q, where w = e?7!/. 
(i) Find the degree [Q(c): Q] and hence the order of the Galois group 
T(Q(@): Q). 
(ii) Find the Galois group G = I'(Q(o): Q). 
(iii) List the subgroups of G and the corresponding fixed fields. 


(iv) Find the normal subgroups of G and prove that the corresponding 
extensions are normal. 


(v) Check that the Galois groups of the normal extensions are isomor- 
phic to the appropriate quotient groups. 

(vi) Draw the subgroup lattice diagram for G and the subfield lattice 
diagram for Q(w): Q, indicating normal subgroups and extensions 
by solid black circles as in Unit 6, and showing indices of subgroups 
and degrees of extensions. O 


Problem 11.2.3.P. Repeat the programme of Problem 11.2.2 for the 
extension L: Q, where L is a splitting field for £? — 2 over Q. 


[Use the results of Problems 10.1.1 and 10.2.1.] O 
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Problem 11.2.4.P. Consider the extension K: Q where K isa splitting 
field for 


Si) = 4 — 3744 over Q. 
Identify K in the form Q(g, f, . . .) by factorizing f over C. 


[This factorization is most easily accomplished by looking for factors 
of the form 


(P + at + b)( + ct + d) 
rather than by treating f(1?) as a quadratic polynomial.] 


Having identified K, repeat the programme of Problem 11.2.2 for the 
extension K: Q. 


Problem 11.2.5.P. In Unit 4 we showed, by considering simple exten- 
sions of Q, that there are only five intermediate fields L such that 


QcLcQ(/2,./3). 
How could we prove this result by using the Fundamental Theorem of 
Galois Theory? 
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120 Introduction 


This unit covers Stewart: Chapter 13. 


In this unit we develop many of the ideas from Unit 6: the results which 
we obtain are needed for the applications of Galois Theory which we 
consider in Block III. We may summarize the development thus: 


Field Extensions ———» Galois Groups 


(Unit 5) (Units 7, 9, 10, 11) 
Results about | Results about 
Field Extensions “7777 Groups 

(Units 13, 14, 16) (Units 6, 12) 


In Unit 6 we defined a group G to be metabelian if it possesses a normal 
subgroup K such that both K and the quotient group G/K are abelian. 
We found that the class of metabelian groups is closed under taking 
subgroups and taking quotient groups, but not under taking extensions. 
We promised that we would generalize the class of metabelian groups 
and thus obtain a class of groups closed under all three operations. The 
appropriate generalization is the class of soluble groups. 


In Section 12.1 we define soluble group and show that the class of soluble 
groups does indeed have the required properties. 


In Section 12.2 we return to the symmetric and alternating groups, and 
prove that for n > 5 the alternating group A, is simple: that is, it has 
no non-trivial proper normal subgroup. We use this result to prove 
that A, is not a soluble group. 


In Section 12.3 we introduce another class of groups, called p-groups. 
We pick up the ideas of conjugacy and centralizers and use them to show 
that all finite p-groups are soluble. We also study some theorems which 
tell us about the existence of p-groups as subgroups of finite groups. 


Most ofthe results and ideas needed for this unit are in Unit 6. Specifically, 
we need: 


(i) methods of forming groups— joins and intersections of subgroups 
(Section 6.3), quotient groups (Section 6.5), direct products (Sec- 
tion 6.3); 

(ii) examples of groups—the symmetric and alternating groups (Sec- 
tion 6.1) and dihedral groups (Section 6.2), especially S4, A; and 
Ds; 

(iii) theorems—the Isomorphism Theorems (6.5.4, 6.6.7, 6.6.8), the 
Correspondence Theorem (6.6.6), and the fact that S, is generated 
by its transpositions (Theorem 6.1.4); 

(iv) metabelian groups (Section 6.7); 

(v) conjugacy and centralizers (Section 6.4); 

(vi) subgroups and quotient groups of abelian groups are abelian 
(Section 6.7); 

(vii) a group has no non-trivial proper subgroups if and only if it is of 
prime order (and hence cyclic) or is itself trivial. 


There is a TAPE commentary on this chapter. 
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Soluble groups play an impor- 
tant role in Unit 14. 


The results of this section are 
also needed in Unit 14. 


The results of this section are 
used in Units 13, 14, 16. 


Stewart's Lemma 13.1 parts (1) 
and (2) are Theorem 6.6.7 and 
Theorem 6.6.8. 
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121 Soluble Groups 


In Unit 6 we gave the following definition. 


Definition. A group G is metabelian if it possesses a normal subgroup 
K such that the groups K and G/K are abelian. 


Writing Go = 1, G, = K, G, = G, we have a ‘chain’ of groups 
l= G S Gi EG, =G, 

where 

(1) Go-G, and G, < G,, 

and 

(2) G,/G, and G,/G, are both abelian. 

Read Stewart: Chapter 13, page 124 to the top of page 128. 


There is TAPE commentary on the Definition and Examples on p. 125. 


There is also a TAPE commentary on Theorem 13.2: it is in three sec- 
tions; Figures 1-5 below are referred to on the tape. 


Theorem 13.2(1). If G is soluble then H is soluble. 


H, = H 


Hi+ı = Giz OH 


i H =GnH 
-—— 


Figure 1 (for Theorem 13.2(1)) 


Giri 


G,Hi., = G(Gi,, ^ H) 


His, = Gui OH By Theorem 6.3.4, 


Hi = Gin H = G o His; Gi < Gis: 
=G; o His, 2 Hizi: 


Figure 2 (for Theorem 13.2(1)) 
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Theorem 13.2(2). If G is soluble then G/N is soluble. 
M. G/N = GIN 
j Gis N/N 


G;N/N 


on NzxI 


Figure 3 (for Theorem 13.2(2)) 


Gis N = Gis 1(G; N) 


Gist 


Gis. GN 


Gi 


Figure 4 (for Theorem 13.2(2)) 


Theorem 13.2(3). Zf N and G/N are soluble then G is soluble. 


G= 6 Pain = G/N 
Gist Gizi /N 
— 
G; G;/N 


N= Goon, on m] 


on, =: 


Figure 5 (for Theorem 13.2(3)) 
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Problem 12.1.1.P. Give an example of a group G, with subgroups 
G, and G, such that G, «< G, and G, < G, but G, is not a normal 
subgroup of G3. 


Problem 12.1.2.T. Prove that 
GN = G;.,N, 


where the notation is that used in the proof of Theorem 13.2. 


Problem 12.1.3.T. Prove that dihedral groups are soluble. 


Problem 12.1.4.T. Let G be the direct product G, x G;. If G, and 
G, are both soluble, does it follow that G is soluble? Justify your 
answer. 


Problem 12.1.5.T. Suppose that G = HN, where H and N are soluble 
subgroups of G, and N is a normal subgroup of G. Prove that G is 
soluble. 


The final problem in this section is intended to help you to follow the proof 
of Theorem 13.2. If you are quite happy with that proof, then there is no 
need for you to do this problem. 


Problem 12.1.6.T. Let G be a metabelian group, and let K be a normal 
subgroup of G such that K and G/K are abelian. Put 


Go=1, G,-K G,=G. 
(i) Let H be a subgroup of G, and let 
Hi—-G;^H fori 20,1,2. 


For the values i = 0 and i = 1, work through the argument that 
Hi. i/H; is abelian. on Stewart: pages 126-7, replacing each term 
by something involving H, K, G only. Verify that the proof you 
obtain is the same as that given in Solution 6.7.4. 

(ii) Let N be a normal subgroup of G. For the values i = 0 and i = 1, 
work through the argument that (G;.. , N/N)/(G; N/N) is abelian, on 
Stewart: page 127, replacing each term by something involving 
N, K, G only. Verify that the proof you obtain is the same as that 
given in Solution 6.7.5. 
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12.2 Simple Groups 


In this section Stewart uses the following theorem. 


Theorem A. Every permutation in S, can be expressed as a product of 
the (n — 1) transpositions (12), (13). . . . , (1n). 


Problem 12.2.1.T. Prove Theorem A, using Theorem 6.1.4. (which 
states that every permutation in S, is a product of transpositions). HO 


Read Stewart: Chapter 13, pages 128-131, to the end of the proof of 
Lemma 13.6. 


Theorem 13.4. There is a TAPE commentary on the proof. 


Problem 12.2.2.T. Let G be the direct product G, x G,. If G, and G, 
are both simple, does it follow that G is simple? Justify your answer. O 


Problem 12.2.3.P. Let N be a normal subgroup of S,, where n > 5. 
By considering the subgroups N ^ A, and NA,,, or otherwise, prove that 
N must be one of the three subgroups 1, A,, S,. oO 


Problem 12.2.4.P. Suppose that H and K are different normal sub- 
groups of a finite group G and that |H || K| > |G|. Prove that neither of 
Hand K is simple. o 


Problem 12.2.5.T. Say that a group G has property (*«) if it has a series 
of subgroups 


1l=G,°G6,¢---¢G,=G 


such that 
G;-3G;,, fori-0,1,...,n—1 
Gi+1/G; is simple fori = 0,1,...,n — 1. 
Prove that every finite group G has property (**). M 
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12.3 p-Groups 


Read Stewart: Chapter 13, from the bottom of page 131 to the end of 
the discussion of the definition on page 135; then the statement of Theorem 
13.14 on page 136, and finally the example at the end of page 136. 


We are omitting much of Stewart: pages 135 and 136 because, for this 
course, all we need are the statements of the first part of Sylow’s Theorem 
and of Cauchy’s Theorem. These theorems are quoted in Block III, but 
we shall assess neither their proofs nor their statements. In any case, 
there are two, very different, common proofs of Sylow’s Theorem: the 
traditional proof, using induction, is given in Stewart: pages 135-136; 
the more modern proof, due to Wielandt, based on group actions, is 
outlined in both M202 and M203. 


The details of Lemma 13.7 and Corollary 13.8 are covered in Theorem 
6.4.6 and Solution 6.4.9. 


There is a TAPE commentary on Theorem 13.9 and on the following 
lemma. 


Lemma 13.10. If G is a finite p-group of order p" then G has a series of 
normal subgroups 


1=G,¢6,¢---¢G,=G 
such that |G;| = p' for alli = 0, - - -,n. 


ec - c. @G/K 

Gis: Gi+ı/K 
p P 

G; G;/K 

K=G, ie =1 
p 

1 

Figure 6 (for Lemma 13.10) 


Problem 12.3.1.T. Prove that if Z is a non-trivial finite p-group then Z 
has an element of order p. 


Problem 12.3.2.T. Let Z be the centre of a group G. Prove that every 
subgroup K of Z is a normal subgroup of G. 


Problem 12.3.3.T. Show that the class of finite p-groups is closed under 
taking subgroups, taking quotient groups, and forming extensions. O 


Problem 12.3.4.P. Find Z(D&) and Z(D,9). Can you generalize your 
results to Z(D;,)? 


Problem 12.3.5.T. Let G be a finite p-group and N be a non-trivial 
normal subgroup of G. By mimicking the proof of Theorem 13.9, prove 
that N ^ Z(G) Æ 1. 


Problem 12.3.6.P. Find a chain of subgroups of D, satisfying the con- 
ditions of Lemma 13.10. 
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See M202, Unit 12; Herstein pp. 
78-79. 


See M203, Unit 24, Section 24.5. 
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124 Summary 


In this unit and in Unit 6 we have discussed several classes of groups. 
The relationship between abelian groups, metabelian groups and 
soluble groups is illustrated by the following diagram. 


We suggest that you compile a summary of the results obtained by filling 
in the following tables. In the first table, the cross indicates that not all 
p-groups are metabelian. In the second table, the tick indicates that 
all direct products of metabelian groups are metabelian. The infor- 
mation needed to fill in the remaining spaces is either explicitly given in 
this unit or in Unit 6, or is straightforward to obtain from the definitions. 
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p-groups 
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Problem 8.1.4 


Use induction. You will need to consider the following three cases. 
i) F =1. 

(ii) Of > 1 and f is irreducible. Construct K[t]/<f>. 

(iil) Of > Land f is reducible. What is n!/m\(n — m)? 


Problem 8.2.2 


Choose an element r in L\ K. Let f be the minimum polynomial for r over 
K. Show that L is a splitting field for f over K. 


Problem 8.2.3 


(i) Look at a splitting field for t? — 2 over Q. 
(ii) Use Theorem 8.4. 
(iii) Consider QG?2): Q. 


Problem 8.3.2 
(iii) Study carefully Example 2 on Stewart: page 93. 


Problem 8.3.3 
First consider the chain K € M, S L. 


Problem 10.2.1 


(i) Use Theorem 3.8. 
(iv) There may be more than one possible choice for c. 


Problem 10.2.3 


(i) Use a dimension argument. 


Problem 10.3.1 


The normal closures will be splitting fields of certain polynomials. Look 
for suitable polynomials. 


Problem 10.3.2 


Use Proposition 10.2. 


Problem 10.3.4 


(i) Re-examine the proof of the lemma. 
(ii) There is no need for the fields K, L, N and M to be all distinct. 
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Problem 10.3.5 


(ii) Argue as in Solution 10.1.1. 


(i) Use Proposition 10.2 to find Q(y)-automorphisms p j and then use 
Proposition 10.2 again to find Q-automorphisms 1;. 


(iv) Do you know what 7,(7) is? 


Problem 10.3.6 


(ii) See page 19 of Block II. 

Problem 12.2.5 

Use induction on |G|. There are two cases: G is, or is not, simple. If G is 
not simple, let N be a non-trivial proper normal subgroup of G: con- 


sider N and G/N, and use the technique used in the proof of part (3) of 
Theorem 13.2. 


Problem 12.3.1 


Let x be a non-identity element of Z. What does Lagrange's Theorem 
say about the order of x? Consider powers of x. 


Problem 12.3.5 


Look at the class equation of G, and consider those classes that lie 
entirely in N. 
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Solutions to Problems in the Text 


Solution 7.1.1 


Leto be a Q-automorphism. We must find aa + b,/2) in the form 
c+ 4/2, and specify c, d in terms of a, b. Since o fixes Q, we have 


a(a) =a, o(b)—- b 


and hence 


ala + b/2) = afa) + (ba /2) 


(automorphism 
properties) 


=a+ ba(,/2). 
To find a(,/2) we use the technique described in the section: 


(46/2)? = a((/2)) 
= a(2) 
=2 (afixes Q). 


(automorphism property) 


Thus 


a(./2) = +,/2, 

so we have two candidates for Q-automorphisms: 
ayia + b/2ma + b /2 
“a+ b/2ma = b. /2. 


We know that c; is an automorphism, by the Automorphism 
Theorem. Thus the Galois group T(Q(,/2): Q)is 


E sd 


(identity) 


1o, a2} = Cy. 


Solution 7.1.2 


Arguing as above, if we know the images of i and J3 we can 
determine the image of i /3 and hence the image of the general 
element of Q(i, NE 

x= a bit c/3 + di /3. 
Let « be a Q-automorphism of Qi, y /3). Then we have 


(a)? = «(—1) — («(/3)? = a(3) 
=-1, =3. 


Hence 


(i) = +i, 


a(/3) = +,/3. 
Thus there are four possible candidates for Q-automorphisms: 
alx) =a + bi + c /3 + di, /3, 
a(x) = a — bi + e /3 = di /3, 
a(x) =a + bi — c. 3 — di /3, 
a(x) = a — bi — c /3 + di, /3. 
Each of these is in fact a Q-automorphism by the Automorphism 
Theorem. For example, consider a. Since i and —i have the 


same minimum polynomial, t? + 1, over Q(,/3), it follows that 
the mapping 


(a + /3) + (b +d Dim (a + /3) — (b + d /3yi 
(a, b, c, de Q) 


is an automorphism. 


So we have 
TOG, V3): Q) = (2, 2,05, 4); 


so the Galois group is isomorphic either to the cyclic group C, 
or to V. 


However, each o; is its own inverse, so 


T (Qi ,/3): Q) = V. 


Solution 7.1.3 


Let « be a Q-automorphism of Q(c). Then 


(a(c))° = ae) 
= a(7) 
= 7, 
and o(c) is real because Q(c) c R. 


But t5 — 7 has only one real Zero; hence a(c) — c and « must be 
the identity. [If fixes Q, c and hence all powers of c, it must fix all 
of Q(c).] 


Thus the only Q-automorphism of Q(c) is the identity, so 
T(Q(c): Q) = 1. 


Solution 7.1.4 
Suppose « € I (Q(d): Q); that is, « is a Q-automorphism of Q(4). 
Then 
(a(d))* = a(4*) 
= a(2) 
= 2, 
Since a(d) e Q(d) and Q(d) c R, we have 
a(d) = +42 = +d, 
so there are two Q-automorphisms: 
&«;: dd 
23: d—> —d. 
Hence 
T(Q(d): Q) = (x, a} = C. 


Solution 7.1.5 


Notation. Here we use $ for an automorphism, and c, f are field 
elements. 


We know that, if ġ € T(F,: K), then 
9(0)—0, $() = 1. 
Since ¢ is an automorphism, it is a bijection. Hence 
either $,(0) =a and ¢,(f) = f 
or $40) — B and ØP) = a. 


The first case gives the identity. 
It is clear from the tables for F, that the second case gives an 
automorphism. [See Example 3 in Section 24.] 


Hence 
(F4: K) = {61,2} & C3. 
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Solution 7.1.6 


We know that 
do Faye 9 + avc! ge — O. 


Taking the image under x and using the automorphism properties, 
we obtain 


alao) + o(a1)oc) + +++ + alan) (aC)! + (a(c))" = a0). 
But « is a K-automorphism, and therefore 

a(ao) = do,..., &(a,-1) = an- 1, (0) = 0, 
so 

ao + aya(c) + ++» + a, (0c)! ^! + (a(c)) = 0. 


Therefore a(c) is a zero of m(t). 


Solution 7.1.7 


The information given means that c is a zero of the monic 
irreducible polynomial m with coefficients in K. The result in 
Solution 7.1.6 tells us that a(c) is a zero of m. Since m is monic and 
irreducible, m is also the minimum polynomial of a(c) over K. 


Since æ is an automorphism, it is a bijection which maps zeros of m 
to zeros of m; thus « permutes the zeros of m. 


Solution 7.1.8 


(i The polynomial m(t) = f(t?), where f is a quadratic poly- 
nomial which we can factorize. Hence 
mt) =t- 1? —2 
= (t? + 1)(t? — 2). 
Both t? + 1, t? — 2 are irreducible over Q. 

(ii) The algebraic extension L must contain the zeros ti of 
t? + 1 and +2 of t? — 2, so we may take L = Qi, 4/2); 
then L contains all the zeros of m. 

(iii) It is not true. For example, take c = i and d = J2 and 
suppose that there exists an automorphism « of L such that 


a(i) = 2k 


Now 
(a(i))? = 2 
=>a(i?) = 2 
=> a(-1) = 2 


= -1=2. 


But —1 # 2 in Q, so no such automorphism « exists. 


Solution 7.2.1 
We use the notation for automorphisms given in Example 4 of 
Section 7.1. 


(i) The only Q-automorphisms of Q2, /3) which when 
restricted to the subfield Q./2) give the identity map are o; 
and o5, as we saw in Section 7.1. Thus 


QQ /2)* = (e, o). 


Similarly, 


Q(/6)* = (o, a4}. 
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(ii) In Section 7.2 we saw that 


Q(/3* = (2, a}. 


Therefore 


QAI = (n, a}, 


which is the subfield of Q(/2, J)5 consisting of all those 
elements which are mapped to themselves by a, and by a;. 
Every element is mapped to itself by «,. Since 


azia + b/2 + e f/3 + d /6 — 
a — b4/2 4 c 3 — a /6, 


the elements mapped to themselves by a; are those for 
which b — d — 0; that is, the elements of Q(/3). 


Thus 
(2,25)! = Q(/3) 
and so 
Q/3)** = Q(/3) 
Similarly, 
AUD“ = (a, a)! = A/D, 
and 
Q(/6* = (,, 25} = A/G). 
(iii) There are five subfields of QG, 2, y 3) which contain Q: 


aA, A/D. AV. Q/8 and Q. 


In part (ii) we showed that M*t = M for M = Q2), 
Mz Q(/3) and M = Q(.. 6). This leaves the two extreme 
cases. 


First, Q2, J3* consists of all those Q-automorphisms 

of Q2, J3) which leave every element unchanged, so 

Q(/2, ./3)* is just (2,). Thus 
Q2, /3)*1 = {a}? 

2, y 3): a(x) = x} 

3). 


Il 


Finally, Q* = (x, &3, %3, %4}, because each % is a Q- 
automorphism. Thus 


Q*' = (n, a, 3, 04]* 


= (xeQG2, V3): a(x) = ++ = al) = x} 


= Q. 


Thus we have shown that M*' = M for every subfield M of 
Q2, J3) which contains Q. 


(iv) The five subgroups of G are 
(2, 65, 65, 04], (24, 23); 
(c, 03), {01,04} and (a). 


Now each ofthe above groups isa group H for which we have 
already calculated the fixed field Ht in part (ii) or part (iii): 


(04, 25, 03, 04)! = Q, 
{ær o5)! = Q(/3), 
(05, 23)! = QC 2), 
(21, 04)! = A/O, 
{a1}? = QQ2, /3). 


Now each of the above fields is a field M for which we have 
already calculated M*. 


Quoting these results, we have 
[1,25 Wy, tg} = Q* = (04,35, 05,04]; 
{an 42} = Q6/3)* = (s, o), 
{an 03}"* = QG2* = (a, 4], 
{an 24)'* = Q(/6)* = (01, o). 


fo} = Q(/2, /3)* = (x). 
Thus H'* = H for every subgroup H of G. 


Solution 7.2.2 


(i) The Galois group G = IL: K) is isomorphic to C, so G has 
only the subgroups 


1 and G itself. 


(i) Any subfield larger 0, 1} must contain 


either gand hence 1 


or Band hence 1 + £ = x. 
Thus there are no proper intermediate fields between K and L. 


(iii) It is tempting to draw the immediate conclusion that we have 
the following correspondence: 


ISL 

GSK 
However, we need tocheck that G fixes only K ;thatis, G! = K. 
In the notation of Solution 7.1.5, we have 

G = (61,03). 
where $, is the identity, and ó,(x) = $, 2(B) = a. 


Thus G fixes only K, and so the Galois correspondence is 
a bijection. 


Solution 7.2.3 


Mi) In Solution 7.1.3 we showed that [(Q(c): Q) = 1. Hence the 
fixed field of the Galois group is Q(c), not Q. 


(ii) We have Q*' = T(Q(c): Q)t = Q(c), so the Galois cor- 
respondence is not a bijection. 


Solution 8.1.1 


(i) The polynomial t? — 4 splits over Q: r? — 4 = (t — 2)(t + 2). 
(i) The polynomial t? — 2 splits over Q(/2): 
P= 2= (t -SD0 + 2). 


(iii) The polynomial t? — 2 does not split over Q2), because 
Q2) ER and 1° — 2 has only one real zero. In C, 
P-22(t— 2) (t - eo 2) (t - o2). where o is a 


non-real cube root of 1. The elements w,/2 and «V2 are 
not in Q2). 
(iv) The polynomial tê + 4 does not split over Q. No element r 


of Q satisfies the equation r^ = —4, and so t* + 4 can have 
no linear factor over Q. 
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(v) The polynomial t* — 1 does not split over R. Although 
i—1-(?-—10)( +1) 
-(r—10(- D(? +1), 
the factor t? + 1 is irreducible over R. 


(vi) The polynomial r* — 1 splits over F,. Addition is the same as 
subtraction in a field of characteristic 2, and F, has char- 
acteristic 2, so 


t-1=(ť-1( +1) 
= (t? — 1)(t? — 1) 
-—(t— D HDC - Ye +1) 
=(t+ 1. 


(vii) The polynomial i? + t + 1 does not split over Z,, because 
no element r of Z, satisfies the equation r? + r + 1 = 0. 


Solution 8.1.2 


(i) Here E = Q2, w), where o = (—1 + i/3)/2. Equi- 
valently, © = Q(,72, i,/3), so [£:Q] = 6. 
(i) We have 
f=eP—St?4+ 131-9 
= (t — 1? — 4t + 9) 
= (t — 1)((t — 2} + 5), 
so X = Q(/=5) and [Z: Q] = 2. 


(ii) In Q f =P- t=- (41, so E-Q and 
[:Q]- i 


(iv) In Z;[t], f = P 1 = (t+ D(? + t+ 1). Hence X is the 
same as the splitting field for t? + t + 1 over Z;. This field is 
isomorphic to the field F4. [See Srewart: page 90.] 
Hence [X: Q] = 2. 


(v) Wehave f =? —2t 7 2 (t — 1)? + 6,so 
E-R(/-6)-R()-C 
Thus [2: R] = 2. 

(vi) Here X = C and [X: R] = 2. 


(vii) The polynomial f = t? + 1 is irreducible over Z}, so we 
may construct the field Z,[1]/< >. We do this by adjoining 


(because R contains 6). 


an element ¢ to Z;, where {? + 1 = 0,so? = — 1. Now -C 
also satisfies the equation (— č)? + 1 — 0, so f splits in 
Z;(C) as 


P+l=(+O(t-O. 
Thus © = Z,(¢) and [Z:Z,] = ôf = 2. 


Solution 8.1.3 

The strategy is to begin by working in C because all polynomials 

over C split over C. We shall find three real zeros of the polynomial 
f(t) = 8 — 6 — 1 

and show that they all lie in Q(a) for a suitable a. 

We shall prove that the degree of Q(x) over Q is 3 by showing that 
m()—áif(-nP8-i-i 


is the minimum polynomial of x over Q. Since m(t) is irreducible 
if and only if f (t) is irreducible, and irreducibility over Z implies 
irreducibility over Q, we shall prove that m(t) is irreducible over Q 
by proving that f(r) is irreducible over Z. 
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(i) First we find the zeros of f. 
Suppose that f(c) = 0. Then 
8c? —6¢ —-1=0 
so 
4 — 3c =4. 
If c = cos 0 for some 6, then we have 
4cos?0 — 3 cos 0 = 4. 


Using the identity given, we obtain 


cos 30 =4 
or 

cos 30 = cos 60°. 
Hence 

38 = 360n° + 60° (neZ) 
and so 

8 = 120n° + 20° (ne Z). 


Thus the distinct values of c are 
cos 20°, cos 140° = —cos 40^, cos 260° = —cos 80°. 
Thus the zeros of f lie in a field 
X = Q(cos 20°, cos 40°, cos 80°). 
However, 
cos 40° = 2 cos? 20° — 1 e Q(cos 20°) 
and 
cos 80° = 2 cos? 40° — 1€ Q(cos 20°) 
(since cos 40° € Q(cos 20°)). 
Hence a splitting field for f is 
Z = Q(cos 20°). 
(ii) Next we find the minimum polynomial for « = cos 20° over Q. 
Let 
m(t) = f(t) 
eq dB 
then m is monic and m(a) = 0. 


Now f is irreducible over Z because any linear factor must be 
of the form 


tat+1 forsome ae {1, 2,4, 8} 


and no such linear factor divides f. (None of +1, +4, tici 
is a zero of f.) 


Thus f is irreducible over Z, and hence irreducible over Q. 


Thus m is monic, irreducible over Q and m(x) = 0 so m is the 
minimum polynomial of « over Q and 


[Z: Q] = óm = 3. 


Solution 8.1.4 


The proof is by induction. 


If@f = 1, then f is linear and so splits over K. Thus we may take 
E = K and so [Z: K] divides n! in this case. 


Now suppose that ôf > 1 and that f is irreducible. Adjoin a root 
a of f to K by forming K(a) as K[t]/X f ». Since f is irreducible 
over K and f is monic, f is the minimum polynomial of x over K, 
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and so [K(«): K] = ôf = n. Because f(a) = 0 in K(a), we may 
factorize f (t) as (t — a)h(t) in K(a) [1], where dh = n — 1.1fX'isa 
splitting field for h over K(), then ' is a splitting field for f over 
K. By the Degree Theorem, 


[2° K] = [2’: K(®)] [K(@): K] 
= n[X': K(a)]. 


By the induction hypothesis, [Z': K(x)] divides (n — 1)!, and so 
[Z': K] divides n(n — 1)! = n! By Theorem 8.3, the extensions 
X’: K and X: K are isomorphic, so [Z: K] divides n!. 


Finally, suppose that ðf > 1 and that f is reducible. Then f =gh 
for some monic polynomials g, h in K such that ôg = m, dh = 
n — m, where 0 < m < n. Let Y, bea splitting field for g over K, 
and let X, be a splitting field for h over X,. Then Z, is a splitting 
field for f = gh over K. By the induction hypothesis, [25: £] 
divides (n — m)! and [Z,: K] divides m!, so [X;: K], which 
equals [2;: Z,][Z, : K], divides (n — m)!m!. Now, n!/(n — m)!m! 
is the binomial coefficient "C,,, which is an integer, so (n — m)!m! 
divides n!. Thus [X;: K] divides n!. It follows that [X: K] divides 
n!, because E: K is isomorphic to Z,: K. 


Solution 8.2.1 


(i) Theextension C: Q is normal because all polynomials ovel Q 
split completely in C. 


(ii) The extension a2): Q is not normal. The polynomial 
t* — 2 is irreducible over Q, and Q/2) contains only two 
(442) of the four zeros (the other two being + i42). 


(iii) The extension Q(2, J/3): Q is normal because Q(2, NE 
is a splitting field for the polynomial (t? — 2)(r? — 3) over Q. 


(iv) The extension Q: Q is normal because the only irreducible 
polynomials with any zeros in Q are the linear ones. 


(v) The extension F,: Z, is normal because F, is a splitting field 
for i? + t + 1 over Z;. 


Solution 8.2.2 


Let r € LK and let f be the minimum polynomial ofr over K. We 
have K € K(r) € Land [L: K] = 2,so [K(r): K] = 1or2. Now, 
risnotin K,so[K(r): K] z 1,so[K(r): K] = 2. Hence K(r) = L 
and ðf = 2. Now f has the zero r in L, so we may factorize f in 
L[t] as f(t) = (t — r)g(t). Then ôg = 2 — 1 = 1, and so f splits 
completely in L. In no smaller subfield of L does this happeis 
because L — K(r), and so L is a splitting field for f over K. Hence 
L:K is normal. 


Solution 8.2.3 


G) FALSE. Take 
K-Q, M-Q(Q2, L- Q2, i5). 


Then L is a splitting field for t° — 2 over Q, so L: K is normal. 
However, we know that Q(2): Q is not normal [See 
Stewart: page 91.] 


Gi) TRUE. By Theorem 8.4, if L: K is finite and normal, then L is 
a splitting field for a polynomial f over K. Now f may also 
be considered as a polynomial in M [t], and clearly L is a 
splitting field for f over M. Hence by Theorem 8.4 again, 
L:M is normal. 


(iii) FALSE. Take 
K-Q, M-Q(J2, L- Q2). 


Then the extensions M: K and L: M both have degree 2, and 
so are normal by Problem 8.2.2. However, we saw in 


Problem 8.2.1 that L: K = Q(.¥2): Q is not normal. 


Solution 8.3.1 


(i) The polynomial 
(t+ )(— i 


7 + Lisseparable over Q because t? + 1 = 
m the splitting field Q(i). 


7 +1 is separable over Z,, because 
in Z;[r] and t + 1 is separable over Z,. 
7 of separability for reducible polynomials 
requires that each irreducible factor be separable.] 


(iii) The polynomial :* + u is inseparable over Z,(u), because 
Pin — u in Z,(u)[r] and we know that t? — u is 
inser ower Z,(u). [See Stewart: page 93.] 

(iv) The polynomial i? + t + 1 is separable over Z, because the 
polynomials 

{M=P 4141 
and 


Df(t)=2t+1=1 


have no common factors. Alternatively, t? + t + 1 Splits as 
(t — x)(t — f) in the splitting field F,. 


(v) The polynomial 17t° — 8t? + 32t? — 21 is separable over Q 
because Q has characteristic zero and so all polynomials in 
Q[:] are separable. 


Solution 8.3.2 


(i) The extension F,:Z, is separable. The minimum poly- 
nomials of 0 and 1 are linear; each of « and f has minimum 
polynomial i? + t + 1, which is separable over Z. 


(ü) The extension Q(,/17, X5, i) :Q is separable. All algebraic 
extensions of Q are separable because Q has characteristic 
zero. 


ii) The extension Z;(u, v): Z;(u) is not separable because the 
element v in Z;(u, v) has minimum polynomial t? + u over 
Z,(u), and we have seen that this is not separable. 


Solution 8.3.3 


Applying Lemma8.7tothechain K € M, € L,weseethat M,:K 
and L: M, are separable. Since L: M, is separable, we may apply 
Lemma 8.7 to the chain M, € M, € Land deduce that M2:M, 
and L: M, are separable. 


Solution 9.1.1 


In order to show that A,, 4; are linearly independent over C, we 
must prove that 


ad +aA4,=0 = a, =a,=0 (4,, a; € C). 
To say that the function 

aA, + az; 
is zero , means that 


(a, + a543)(2) = 0 forall zec. 
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In particular, 
(aA, + a22,)(1) = 0 
=>a,+a,=0 (since 4,(1) = 2,(1) = 1). 
Also 
(aA, + a545)(i) = 0 
= a,i-ai=0 (since 4,G) — i and A,(i) = -i) 
=a, — a, =Q. 
Thus 
4,4, 4524,— 0 = a=a,=0 (a,, a; € C), 


which completes the proof. 


Solution 9.1.2 


First we show that is one-one. 


If 
4(9) = $9), 
then 
GI = 9j9; 
hence 
9i = 9j (cancellation). 


Next we show that ¢ is onto. 
Let h € G. We must show that there exists g; € G such that 


$(g) = h. 
Since 

$(hg7!) = hg™'g =h, 
we may take g; = hg™'. 


Thus ó is one-one and onto, so ó is a bijection G — G. 


Solution 9.1.3 


We use the notation and results of Solution 7.2.1: 


subgroup, G, of T fixed field, Ko 
1o, 2, 3, 04] Q 

fa, 02} a) 
(nos) ay? 

(e, 24) Q(./6) 


{a} A/Z ./3) 


Thus we obtain the following table: 


order, |G| degree, LA, J3): Ko] 
4 4 
2 2 
2 2 
2 2 
1 1 


The entries in the two columns correspond, in accordance with 
Theorem 9.4. 
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Solution 9.1.4 


We have already seen that 


G = r(Q(2: Q) = 1. 


Thus 


and 


Gt = QQ2) 


LOG: Gt] = 1 — 1G], 


in accordance with Theorem 9.4. 


Solution 9.1.5 


In Solution 7.1.4 we showed that 


T(Q(J2): Q) = (or, 25] 


Where o, æ, are the Q-automorphisms defined by 


ay: 2 e o. 
anda Em 44 


From Solution 8.2.3(iii) we see that [Q(42): Q] = 4. 


Let H, be the subgroup (2;, æ>}; then Hj = QA, 2) and 


[Q(72: Q]/|H,| = 42 = 2 = [H1: Q), 


in accordance with Corollary 9.5. 


Let H, be the subgroup {a,}; then Hj = Q2) and 


[Q 2): Q|Hs] = 4/1 = 4 = [H1: Q], 


in accordance with Corollary 9.5. 


Remark. In Solution 8.2.1 we saw that LQG): Q] is not a 
normal extension, so this example illustrates that Corollary 9.5 
does hold for a non-normal extension, even when the Galois 
group is non-trivial. 


Solution 9.1.6 


(i) 
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We argue as in Stewart’s example. If a is an element of the 
Galois group, then, since c)? = (e?*/7)? = 1, 

KOY = aw?) = a(1) = 1. 
Hence 

a(c) = c, o, e, wt, w or w. 
[We know that «(w) # 1, because a(1) = 1 and « must bean 
injection. ] 


By Solution 7.1.7, we know that a(w) must be a zero of the 
minimum polynomial of œ over Q. Now, o is a zero of 
t’ — 1, and 


Ü-—]1--(r— Dn), 
where 
m()-185-P0-rf-P-DPIDQIE. 


As on page 19 of Block Il, we can apply Eisenstein's Criterion 
with q = 7 to m(t + 1) and thus show that m is irreducible. 
Hence m is the minimum polynomial of w over Q. Since 
each of w, w,...,@° is a zero of t? — 1 and not a zero 
of t — 1, each of w, w?,..., «)$ has minimum polynomial m 
over Q, and so each of w, 0^, ..., œ isa possible candidate 
for x(w). 


[See Stewart: p. 83, Example 2.] 


(i) 


(iii) 
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By the Automorphism Theorem, there does exist a Q- 
automorphism x; of Q(w) which maps œ to o, for 
j-— L...,6. Since every Q-automorphism of Q(o) is 
determined by its effect on c, this shows that 

G = (o... 


where 


» Oe}, 
aj: 0 I o (1,56) 


Any subgroup of G of order 3 must be generated by an 
element of order 3. We can find the powers of the a; by 
finding their effects upon c. Thus a, is the identity; 


ae) = o2(o.2()) 


e 2 
= (w) 
= wt, 
so 
2 
aj = us. 
Similarly, 
a3 = 0. 
Hence 
H = (25) = {a, 42, 4} 


is a subgroup of G of order 3. 


To find the fixed field Ht, we have to find the effect of a, on 
à general element of Q(w). We may take as a basis for Q(o) 
over Q any six of 1, œ, . . . , wô. Although we usually include 
the element 1 in such bases, it is more convenient to take 


(e, o, ... , 06} 
as a basis, because of the particular form of the a. 
Let 

x = ao + bw? + co? + dwt + eo? + fo. 
Then 

a(x) = do + aw? + ea? + bwt + fa? + co, 
so o2(x) = x if and only if 

a=b=d 
and 

c=e=f. 


When these conditions are satisfied, 


x = alw + e + wt) + c(o? + o + 9) 
= ao + w + wt) + c(-1— o — e? — o) 
= (a — c)(w + o? + ot) — c. 


Since H' is the set of elements of Q(w) fixed by «,, we have 
H' = {g + hw + o? +0): g,heQ). 

With x as above, we have 
a(x) = ew + cw? + aw? + foot + de + bows, 

so @3(x) = x if and only if 
a=e=d=f=b=c¢, 


that is, if and only if x e Q (since œ + w? + o? + wt + 
w? + oS = —1). 


Every element in the fixed field of G must be fixed by a3, 
so the fixed field of G is just Q. We have already seen that 


[Q(w): Q] = 6 


and 
|G| = 6, 

so 
[Q(o): Gt] = |G], 

in accordance with Theorem 9.4. 

(iv) From the last line of part (ii), we see that 

[At Q] =2. 

We also know that 
[Q(): Q] = 6 

and 
|H| = 3, 

so we have 
Ur': Q] = 2 = [Q(): Q]/|Al, 


in accordance with Corollary 9.5. 


Solution 10.1.1 


(i) Since o? = 1, we have m(w) = 0, where 


eH 1 


m(t) 

This polynomial may be factorized as 
m(t) = (t — 1)? + t + 1). 

Since w # 1, we know that w is a zero of 
ĉP+t+l. 

ech 0 € Q, so the minimum polynomial m, of w over 

is 
m(th=?+t4+1. 
(i) The minimum polynomial of 0 over Q is 

m(t) = t? — 2. 

This has degree 3, so [Q(0): Q] = 3. 

By the Degree Theorem, 
EQO, œ): Q] = [Q(6, w): Q(0)][Q(6): QJ, 

and so 
[Q(60, c) : Q] is divisible by 3. 

Similarly, since m, has degree 2, [Q(w): Q] = 2 and so 
[Q(60, w): Q] is divisible by 2. 

(ii) Since m; is the minimum polynomial of 0 over Qw). 

[(Q()) (0): Q@)] = Gms. 

But (Q(o))(0) = Q(0, w), and so 


[Q(6, w): QJ = [Q(0, w): Q(»)] [Q(») : Q] 
= 20m;. 


(iv) The element 6 certainly satisfies the polynomial m, over 
Q(c), so m, divides m,. In particular, 


ôm, x Om, = 3. 
By part (iii), we have 
[Q(0,0):Q] x 6 


(v) 


(vi) 


(vii) 


(viii) 


(ix) 
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with equality if and only if ôm, = 3. However, we saw in 
part (ii) that [Q(6, œ): Q] is divisible by 2 and by 3, so 
[Q(6, œ): Q] is divisible by 6. The only possibility is that 


[Q(6, v): Q] = 6, 
in which case 
ôm; = 3 = Om. 


Since m; is a monic factor of m,, it follows that m, = m,. 


In Q(0, w) the polynomial m; has three zeros: 0, c00 and 
0*0, each of which has minimum polynomial m, over Q(w). 
By the Automorphism Theorem, there are Q(o)-auto- 
morphisms of Q(6, w) which take 0 to each of these zeros. 
These are 


identity: 0.—» 0, 
0:0 00, 
0:0 — o0. 
Now we know that [Q(0, œ): Q] = 6, we can deduce that 
[Q(0, w): QO) = 6/[Q(0): Q] = $ = 2. 


Hence the minimum polynomial of o over Q(0) has degree 
2. This polynomial is a monic divisor of m;, so it must be 
equal to mz. The other zero of m; in Q(0, oj) is w? so, by 
the Automorphism Theorem, there are Q(0)-automor- 
phisms of Q(0, w) given by 


identity: w — w 
TOF? 
All Q(@)-automorphisms of Q(0, œ) are also Q-auto- 
morphisms of Q(60, w), so part (v) gives us three Q-auto- 
morphisms of Q(0, c). Similarly, part (vi) gives two Q- 


automorphisms of Q(0, w). Combining these in pairs gives 
the following six Q-automorphisms of Q(60, c). 


Effect on 

Q-automorphism 0 o 
Identity 0 o0 

o o0 w 

o? o?0 w 

T 0 o 

ot o0 o 

e^t wh w? 


Every Q-automorphism of Q(0, c) is specified by its effects 
on @ and o. Let « be any Q-automorphism of Q(6, w). We 
saw in Unit 7 that o(0) must be a zero of m, and (œ) must 
be a zero of m;. Thus there are three possible choices for 
(0), and two for a(w). Each combination of these choices 
Occurs in the list in part (vii), and so this list includes all 
Q-automorphisms of Q(6, c). 


The group I'(Q(0, œ): Q) is isomorphic to S,. One way to 
see this is to observe that ot 4 t, so that we have a non- 
abelian group of order 6. Another way is to notice that Q- 
automorphisms of Q(0, c) permute the three zeros of t? — 2 
in all possible ways. 


Remark. Parts (ii)-(iv) illustrate a useful technique for finding 
[K(x, p): K] and the minimum polynomial of « over K(f) when 
[K(«): K] and [K(f): K] are coprime: 


and 


the minimum polynomial of « over K($) is the same as 
over K, 


[K(a, B): K] = [K(): K][K(B): K]. 
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Solution 10.2.1 


(i) Since 6 has minimum polynomial t? — 2 over Q and 6w has 
the same minimum polynomial over Q, Theorem 3.8 shows 
that there exists a Q-isomorphism 


1:Q(0) — Q(0a) c QO, w) 
such that 
1(0) = 6o. 
Hence z isa Q-monomorphism of Q(0) into Q(0, c). 


(i) Q(0, c) is the splitting field for S() = t? — 2. (See Problem 
8.1.2.) 


(iii) The field «(Q(6)) is Q(00) by (i) above. 


(iv) The Q-automorphisms of Q(0, c) were listed in Solution 
10.1.1. An appropriate choice for c is listed as o in that 
solution. In full: 


o:a + bO + c0? + dw + ew + f o6? 
a — eb + (f — c? + do + (b — eyo — co? 
(We have used o? = 1 and 1 + w + o? = 0) 


Solution 10.2.2 


(i) There are really only two choices, produced by 


Jae a and Je -,/2. 


The first gives the identity, which does extend, so consider the 
other map 


1:Q(/2) —5 AY) 
tia + eJ/2— a = eJ/2. 
Suppose a K-automorphism c of L exists such that 
Fla) = t. 
What are the possibilities for (42)? 
We know that 
(6.2)? = A/D 
= 1/2) 
= -./2, 
But o( 4/2) e Q(4/2) c R. 


This contradiction shows that c cannot exist. 


(Flava) = 1) 


(ii) The normality requirement is not met: the polynomial 


t* — 2 hasa root in Q(A2) but has two complex roots not in 
Q2). 


Solution 10.2.3 


(i) Let[L:K] = n. Ift: L— Lisa K-monomorphism, then x is 
also a linear transformation of L considered as a K-vector 
space. Since tis alsoa monomorphism, Corollary 4.4.7 tells us 
that 


dim(c(L)) = dim L = n. 


Thus :(L) € L,and t(L) and L have the same finite dimension 
over K. It follows that t(L) = L; that is, t is a K-automor- 
phism of L. 
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(ii) (a) We have 
t: K(r) — K(t) 
t f (t) + f). 
Since the effect of x is to replace every t by 2?, which is 
essentially only to choose a new symbol for the indeter- 
minate, t is clearly a field homomorphism. Formally, 
(Ff + DO = (f + N) 
= f(?) + g(t?) 
= (Xf) + (x9) 0) 
= QC) + x(9)) (0). 


and 


(Fa) = (ay?) 
= f(e) 
= GG) x DO 
= (fr) 0). 
Being a non-zero field homomorphism, t is a monomor- 


phism. Moreover, t fixes constant polynomials, so t is a 
K-monomorphism. 


(b) To show that t is not an isomorphism, it is sufficient to 
show that t is not surjective. Any image «( f) can contains 
only even powers of t so, for example, i 


t+1 


is not in the image t(K(t)). 


Solution 10.3.1 


(a) Since Q(y) contains the real zero y of t5 — 3, and this poly- 
nomial is irreducible over Q (by Eisenstein’s Criterion, with 
4 = 3), any normal closure N of Q(y): Q must contain all the 
zeros of t? — 3. These are the elements n'y, for i =0,..., 4, 
where n = e?*/5. Thus N contains Q(y, n). This field is a 
splitting field for tê — 3 over Q, and hence a normal extension 
of Q. Thus Q(y, n): Q is a normal closure of Q(y): Q. 


(b 


Since t? — 2 is irreducible over Q (by Eisenstein's Criterion, 
with q — 2), we can argue as in part (a) that the normal 
closure of Q(B) over Q is Q(£. c), where ¢ = e?" 


(c) We saw in Solution 82.1(iii) that Q(,/2, \/3): Q is a normal 
extension: hence it is its own normal closure. 

(d) We can argue as in part (a) that a normal closure N of 
Q(0, J2): Q must contain the element c, where œ = ¢2*!/3, 
Thus N contains Q(0, if Bs w). Itis easy to see that Q(0, 3i; w) 
is a splitting field for (t? — 2)(t? — 2) over Q. Thus it is a 
normal closure of Q(0, 2: Q. 


Solution 10.3.2 


(a) Let o e T(Q(y): Q). Then c(y) is a Sth root of 3. Moreover, 
a(y) is real, because Q(y) c R. Thus 0(y) = y, because y is the 
only real 5th root of 3. Since all Q-automorphisms of Q(y) are 
determined by their effect on y, the only element of F(Q(y) : Q) 
is the identity. 


(b) Wemayargue exactlyasinpart (a) and deducethat T(Q(f):Q) 


(c) In Unit 7 we found that I(Q(/2, /3):@) = V. 


(d) Let c € T(Q(6. ~ 2):9). We may argue as in part (a) that 


o(0) 2 8 
and 
oy 2) = JA or -J2. 


By Proposition 10.2, both these possibilities for oy, 2) occur. 
The effect ofc on Q(6, 2) is determined by its effect on 0 and 


J2 so 
T(Q(0, ,/2): Q) = {0;, 6). 
where 
0, is the identity 
and 
0:0 0 
24: /2—5 -/2. 
Thus 
T(Q(@, ,/2):Q) = Cy. 


Solution 10.3.3 


Let t be a Q-monomorphism of Q(0) into C, where 6 is the real 
cube root of 2. Then «(0) is an element of C satisfying «(0)? = 2, 
so 1(0) is one of 6, c0, «»*0. In each case 1(0) € Q(0, w), and so 


*(Q(0)) € QO, c). 


This verifies Theorem 10.4. 


Solution 10.3.4 


\ 
(i) 


(ii) 


In the proof of Lemma 10.4, the only facts about N which are 
used are that L € N and N: K is normal. Nowhere is it 
necessary to assume that N is minimal; that is, that N is 
actually a normal closure of L: K. Hence the conclusion of the 
lemma remains true under the hypothesis 


'Suppose that K € L € N € M where L: K is finite 
and N: K is normal’. 


Let K = Q, L= N = Q(0) and M = C, where 0 is the real 
cuberootof2. ThenK € L € N € MandN: Kisnot normal. 
In Problem 10.2.1 we saw that the map 


1:Q(0) — C 

tia d bô + c0? — a + bo + co? 0? 
is a Q-monomorphism. Now 

(L) = 1(Q(8)) = Q(o0), 


which is evidently not contained in N. Thus Lemma 10.4 fails 
in this case. 


Solution 10.3.5 


(i) 


The minimum polynomial of y over Q has degree 5, so 
[Q0): Q] = 5. 


(ii) The minimum polynomial of n over Q has degree 4, so 


[Q(7): Q] = 4. 


Now [L: Q] is divisible by both [Q(y): Q] and [Q(y):Q] 
and hence by 20. 


Gii) 


Gv) 
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Let d be the degree of the minimum polynomial of over 
Q(y). Then d < 4, because r is a zero of the polynomial 


“t+P¢P +t 
over Q(y). Hence 
[L: Q] = [L:Q0)][Q(): Q] 
=dx5 
< 20. 


Since 20 divides [L: Q], we must have [L:Q] = 20 and 
d = 4; therefore the minimum polynomial of n over Q(y) is 


HPH erg 


We have L = (Q(j))() and we know that the minimum 
polynomial of 7 over Q(y) is 


o+P¢P eee 


The other zeros of this polynomial in L are 


mnn 
By Proposition 10.2, there are Q(y)-automorphisms 
Pi, +++» P4 of L whose action is determined by 
p(m-m G=1,...,4). 
Since these are Q(7)-automorphisms, we also have 
e-» G-L...4. 


The minimum polynomial of y over Q is t? — 3. The other 
zeros of this polynomial are 


T "7, gy, n*y. 
By Proposition 10.2, there are Q-automorphisms t,, . .. 
L satisfying 

t) = ny G-1....5. [N.B. t5(y) = »] 


Since each of the maps x; and p; is a Q-automorphism of L, so 
also are their composites t,p;. We claim that these com- 
posites are all distinct. For, suppose that 


,tsof 


TüPj, = TP in 
Then 
TP i) = Ti, 05) 


so 
tu) = t0). 
It follows that 
Ti, = Ti, 
and so 
Pj = Pine 


Now we have to show that these twenty composites are all 
the Q-automorphisms of L. Suppose that t is a Q-auto- 
morphism of L. Then 


u(y) = ny for some i. 
Hence 


ty ey) = I) = y, 


‘cis a Q(y)-automorphism of L. Similarly, t7 !t(q) must 


SOTE 

bey’ forsomej,so pj Ici It fixes. Sinceall Q-automorphisms 
of L are determined by their effect on y and y, we must have 
ppt 1t equal to the identity; that is, t = Ti Pj. 

As yet we know nothing about the effect of t; on y, so we 
cannot just put t; = o;. However, the four Q-automorphisms 


T;P1,--+, T;P4 are distinct. They have the same effect on y, so 
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they must all have different effects on 7: thus one of these four 
automorphisms maps r to itself; call this one c,. Now there 
are twenty Q-automorphisms of the form 


Sip; f= 1,...,5; j= S MN 


and they are clearly distinct, so they form the whole of 
I(L:Q). 


Solution 10.3.6 


G) The degree [Q(f): Q] = 7, because this is the degree of the 
minimum polynomial, t? — 2, of f over Q. 


(ii) We have 
(—10-2(-10(56-05--:-P-PxIEIT, 


and the second factor is irreducible over Z (by the technique 
mentioned in the hint applied with g = 7), and hence ir- 
reducible over Q. Therefore 


P+ Pt A+ P47 tre 


is the minimum polynomial of ¢ over Q. Since 7 and 6 are 
coprime, we can argue as in Solution 10.3.5Gi) that [L: Q] is 
divisible by 42 and is at most 42, whence 


[L:Q] = 42. 


(iii) Using arguments similar to those in Solution 10.3.5Gii), we 
find that the elements of I(L.: Q) are 


Tip; i= lnh jede 
where 

1(B) — cf and 1,(e) is not specified 

p(B) =B and pie) = ë. 


(iv) As in Solution 10.3.5(iv), we can re-express these elements in 
the form o;p;, where 


of) = eff, 


oe) = e. 


Solution 11.2.1 


(i) The information needed for a presentation of G comprises 
the orders of ø and t and the way in which ct and cc are 
related. 


Direct calculation shows that 


hence 


G=(,t: ® =? =], t = ex). 


(i) Since G is abelian, all subgroups are normal. We have 
calculated the fixed fields before; we list them and produce 
polynomials for which they are splitting fields, thus proving 
normality. 


(0! = Q(/2, /3), splitting field for (12 — 2)? — 3). 
(La)! = Q3, 

(L9! = Q(/2), 

{1, eg! = Q(/6), 
Gt=@, 


splitting field for 12 — 3. 
splitting field for 12 — 2. 
splitting field for 1? — 6. 
splitting field for t — 1. 
(ii) Consider the extension (1, o*: Q. We have 

T((1, 5): Q) = r(QG/3): Q), 


which is of order 2, and hence isomorphic to C,. Also 
G/(1, aj is of order 2 and isomorphic to C,. Thus 


T({1, 6*: Q) = G/(1, o}. 
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The arguments for (1, zj' and (1, øt}? are exactly the same. 
Remarks. 


This solution illustrates why a more complicated example 
was used in Stewart: Chapter 12. Since all groups of order 2 
are isomorphic, we do not need any deep theory to tell us 
that T({1, ¢}*: Q) and G/(1, a} are isomorphic. 


We must not forget the two extreme extensions. We have 
T((1)*: Q) = NAV, /3): Q) = G = G/(1) 

and 
T(G':Q) = (Q: Q) = 1 = G/G. 


You may think that the last two cases do not need checking. 
It is true that 


I((*: K) = I: K) = T(L: K)/{1} 


for all extensions L: K, but T'(G': K) is not isomorphic to 
G/G unless K is the fixed field of G, so we do need the 
assumptions of normality and separability (by Theorem 
10.10). 


Solution 11.2.2 


(i) We may observe that Q(c) is the splitting field for i? — 1 
over Q, since 1, w, œ? are the zeros of #2 — 1 and 


P-l=(-1(? t4 1) 
Because i? + t + 1 is irreducible over Q, we have 


IT(Q(»): @)| = [Q(o): Q] 
zx. 


(ii) By part (i), 
G = I(Q(o): Q) = C; 


and we may find the non-identity element ¢ of G by noting 
that o(w) must be a zero of 1? + 1 + 1 not in Q. Thus 


o(@) = o 
=-l-w (1 +w 4 o? = 0). 
We may present G as 
(aic? = ly, 
for consistency with other solutions. 


(iii) The subgroups of G are (1) and G: the corresponding fixed 


fields are 
tj = Qw) 
G -Q. 


(iv) Both subgroups of G are normal, and their fixed fields are 
normal extensions of Q, being splitting fields for  — 1 and 


t — | respectively. 
(v) We have 
I(j':Q) = (Qw): Q) = G = G/1 
and 
T(G':9) = (Q: Q) = 1 = GG. 
(vi) @G Qw) 
2 2 
{1} Q 
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Solution 11.2.3 (iv) Below are listed the normal subgroups of G, their fixed 
(i) We saw in Solution 8.1.2 that a splitting field for ? — 2 pe m polomis for em these fields are splitting 
over Q is L = Q(0, c), where 8 is the real cube root of 2 Sis shows the DOLIDAHEY: 
and o = 3, Thus, by Solution 10.1.1, we have G' =Q, splitting field for t — 1. 


At =Q(o), splitting field for £ — 1. 


ow that G is generated by the {y} =L, splitting field for /? — 2. 
here 


Gi) 


On the other hand, none of the fields Bt, Ct, Dt is a normal 
extension of Q, because each contains only one zero of 


coim -2 
and (v) From Solution 11.2.2, 
cies T(4': Q) = I(Q(o): Q) = C,: 
pr also, 
= S,. Since direct calculation shows that GJA = €;, 
to = 071, 8e 
we may also write GJA = T(4': Q). 
G=,t: UL w-gu The two extreme cases are dealt with as in Solution 11.2.1. 
(iii) The subgroups of G are: (vi) G 
Order 6: G = $,; normal 
Order 3: <a») = A = C,; normal A =a) 
Order 2: <t> = B = C,; not normal 


Order 2: <et» = C € C,; not normal 
Order 2: (6^) = D = C,; not normal 


Order 1: {1} =C,; normal. 


We saw in Solution 10.2.1 that the effect of c upon elements 
of L is given by 
ala + b9 + c0? + dw + eo0 + fwb?) 
= a — eb + (f — c0? + do + (b — e)90 — co. 


Hence 
At = (ay 
= {a + do: a,deQ} 
= Q(o). 
Similarly, 
B! 2 (y! 
= (a + bð + c8: a,b,ceQ) 
= Q(86). 


These diagrams show the order-reversing nature of the 


We can calculate the effect of oz as correspondence very clearly. 


at(a + bð + c8? + do + eo8 + fob?) 
= (a — d) + e0 — c8? — dw + bob + (f — Ào, 


so Solution 11.2.4 
Ct = ky n € 
= (a + HO + o0) + fo^: a,b, fe Q) If the suggestion about factorizing 
= (a — bo?0 + f(o?0Y: a,b, fe Q} f* — 30 44 
= Q(o^0) is followed, we obtain 
A similar calculation shows that (? — it —2)? + it — 2). 
D! = Q(o0). An application of the formula for zeros of quadratic polynomials 
Evidently, gives 
=i t= 3P A= (t — EE l nE +n), 
and, since the only elements left unchanged by both c and t where 
lie in Q, ^ ixl pu 
f= y= — ~. 
G =Q. [3 2^ 1 2 
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Thus 
K = QG, n). 
We can observe that 
Etas 


and so 
K = QU,,/7). 


The second way of regarding K is rather easier to deal with. 


eque 


(i) Since + — 37? + 4 is irreducible over Q, we know that 


Ir(K: Q)| = [K: Q] 
= 4. 


(ii) By arguments similar to those used for T(Q(/2... 3): Q), 
we can show that 
G = T(K: Q) 
= {1, 6, t, ot} 
V=C,xC,, 


Il 


I 


where c, t are specified by 


a:i —i 

ei 15 f 
and 

tied 


t J7 e -/i. 
Since ot = to, we may write 
G=,t: @ =P =l, t0 = ot). 
(iii) The subgroups of G are 
{1}, <a>, €. (ev. G. 


The corresponding fixed fields are 


ULT: 
<a> = QU?) 
<t = QU) 
Cott = Q(/7) 
at e. 


(iv) All subgroups of G are normal. The corresponding inter- 
mediate fields are normal, being splitting fields over Q as 


follows. 
K, splitting field for 14 — 37 + 4. 
Q7), splitting field for 1? — 7. 
Q(i), splitting field for £? + 1. 
Q(i,/7), splitting field for £ + 7. 
Q, splitting field for: — 1. 


(v) This is just like Solution 11.2.1, part (iii). 
(vi) 


<T> 
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K = {1} 


(0! = Q() Q(4/7) = «ovy 


Solution 11.2.5 


We have shown that the Galois group T(Q(,/2, A: Q) is iso- 
morphic to V. This group has exactly five subgroups. By the 


Fundamental Theorem of Galois Theory, since Q(2, J3): Q 
isa finite normal separable extension, the fields between Q and 


Q(/2, ,/3) are in one-one correspondence with the subgroups 
of F(Q(,/2. ./3): Q). Hence there are just five such fields. 


Solution 12.1.1 


Possible answers include the following. 
G) G3=S4; G2=V; G,-(12)84). 
(i) G; = Aij; G; — V: G, = C(12)4). 


(ii) G3 = Dg; G, = T; G, = B, inthenotation of Stewart: 
page 120. 


Equivalently, G, = Dg; G, = (1, a”, b, à?b), 
in the notation of Unit 6. 


G, = <b) 


In each case G, < G; < G; but G, is not a normal subgroup 
of G3. 


In case (iii), the fact that Baa T and Ta D, follows from the 
fact that |T|/|B| = |Ds|/| T| = 2 and Theorem 6.3.2. 


Solution 12.1.2 


We have to show that G; N is a normal subgroup of G,, | N, gives 
that G; < G;,, and that N is a normal subgroup of the whole 
group G. 


Let a € G;N and b € G;,,N. Then there exist elements 
KEG, MEN, iyi €G meN 
such that 
a= gin, b= guns. 
Hence 
b^'ab = ny "gis gini) ino 
= ny (9: 9:919 migis Dni. 
Now, G; - G;,,, SO gi GiGi € Gi: put gj, g;g;i 1 = gi- 
Also, N < G, so gi nig, € N: put ging, = n. Then 
b^!ab = nj 'gin m. 


Each term in the right-hand product is in either G; or N and hence 
in G; N: thus the product also lies in G; N. This shows that 


GN < Gipi N. 


Solution 12.1.3 


We have observed that metabelian groups are soluble, and we 
proved that dihedral groups are metabelian in Theorem 6.7.2. 
Hence dihedral groups are soluble. 


Alternatively, if G = D,,, put Go = 1, G, = G, and let G, be 
the subgroup of G consisting of all the rotations. Then 


Goa GG 

and 
G,/Go = G, = C,, 
G,/G, = C;. 


Both of these quotients are abelian, so G is soluble. 


Solution 12.1.4 


If G = G, x G, then, by Problem 6.3.11, G has a normal sub- 
group G, isomorphic to G, and, by Problem 6.6.3, the quotient 
group G/G, is isomorphic to G,. Hence G, and G/G, are both 
soluble, because G, and G, are soluble. By Theorem 13.2 part 
(3), it follows that G is soluble. 


Solution 12.1.5 


The normal subgroup N of G is soluble. The quotient G/N is 
equal to HN/N which, by the Second Isomorphism Theorem, is 
isomorphic to H/(H ^ N). This group is a quotient of the 
soluble group H and hence is itself soluble, by Theorem 13.2 
part (2). Since N and G/N are soluble, G is soluble, by Theorem 
13.2 part (3). 


Solution 12.1.6 


We have 
Go =1, G =K, G,=G. 

Xi) Since H; = G; ^ H, we have 
H=1, H,=KOH, H,- H. 


The argument on Stewart: page 126 is 


Ais: _ Gis. OH _ Gis OH 
H GAH  G;n(G,nH) 
~ GAG, OH) _ Gizi 
z G; — G` 
Substitution when i = 0 yields 
KoH_ KAH Kod 


A ~ MK OH) _K 
1 | 1^H TAKAR 1 I 


or 
KnH=KonH=KoOH=KOHEK. 


When i = 1, we obtain 


H | GoH GOH KG@OH)_G 
KoH KOH Kn(GnH K K 
or 
H H H KH G 
gc 


KoH KoH KoH KK 
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With the observations that K and G/K are abelian, these are 
the two parts of the proof that appeared in Solution 6.7.4. 
(ii) The argument on Stewart: page 127 is 
Gi N/N | GisiN _ Gis (GN) 


GN/N — GN G;N 


Ger a ial 
Giri O (GIN) (Gri o (GNG; 


We 


which is a quotient group of G; ,/G;. 
Substitution when i = 0 yields 


KN/N _ KN K(N) Ko u KA 
IN/N~ IN IN Ka(IN)~ (Ka IN)Y/I’ 


We 


which is a quotient group of K. 
Simplification gives 


KN/N_KN_KN_ K K 


NIN N N =KaAN=KaN’ 
which is a quotient group of K. 
When i = 1, we obtain 

GN/N _ GN. GKN) G G/K 


KN/N KN KN =GAKN=(GAKN)K’ 
which is a quotient group of G/K. 
Simplification gives 


GN G_ G G _ GK 
KN/N~ KN KN ~ KN ~ KNIK’ 


which is a quotient group of G/K. 


With the observations that K and G/K are abelian, these 


are the two parts of the proof that appeared in Solution 
6.7.5. 


Solution 12.2.1 


If i # 1, then (li) is one of our set of n — 1 transpositions 
(12), (13), . . . , (In). If i and j are different from each other and 
from |, then 


a20502 = (i). 


Thus every transposition is a product of some of the n — 1 trans- 
positions (12), (13), . . . , (1n). By Theorem 6.1.4, every permuta- 
tion in S, is a product of transpositions, and, since each of these 
transpositions is a product of some of (12), (13), . . . , (Im), every 
permutation in S, is also a product of some of (12), (13), . . . , (1n). 


Solution 12.2.2 


If G, and G, are simple, then G, x G, is not necessarily simple. 
For example, if G; = C, and G, = C,, then G, x G, is not 
simple. 


Let us consider the general case. 


If G = G, x G;, then G has a normal subgroup G, isomorphic 
to G,. If G, is a non-trivial proper subgroup of G, then G is not 
simple. However, 


G,=1 < G,=1; 
G =G <= G,=1 


Thus G is not simple unless G, or G, is trivial. Suppose that 
G, = 1. Then G = G, and so G is simple if and only if G, is 
simple. 
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Solution 12.2.3 


Suppose that N < S,. Then N ^ A, A,, by Theorem 6.3.4. 
But A, is simple (n > 5) so we have 


either N ^ A, — A, 
orNOA, = 1. 
IfN ^ A, = A,, then A, € Nand so N = A, or S,. 


If N ^ A, = 1, consider the subgroup NA,. By the Second 
Isomorphism Theorem, 


INIIA,I 
IN ^ A, 


Now |NA, | is at most |S, |, that is, 2| A,|, so either |N] = 1 or 
IN| = 2. If |N] = 1, then N = 1. If |N| = 2, then N = (1, f}, 
where f is a permutation of cycle-type 1"7?'2' for some r > 1. 
Every permutation in S, with the same cycle-type as f is conju- 
gate to f, so N contains all such permutations. Since n > 3 and 
r > 1, there are conjugates of f which are different from f. 
Hence |N | # 2, which is a contradiction. 


INA,| = = INIIA,I. 


Thus the only cases that can arise are 
N=1, N-A, N-S, 


Solution 12.2.4 


By the Second Isomorphism Theorem, 


.. AHIIKI 
ELS 


Since HK € G, we have |HK| < |G|. We are given that 
|H||K| > |G]. It follows that |H ^ K| > 1, and so H ^ Kis not 
the trivial subgroup. Since H and K are different, H ^ K isa 
proper subgroup of both H and K. By Theorem 6.3.4, H ^ Kisa 
normal subgroup of both H and K. Hence neither of H and K is 
simple. 


|HK| 


Solution 12.2.5 


When G = 1 we have the chain 
i=G,=G 
so G satisfies property («*). 


Now assume that every group whose order is smaller than |G| 
satisfies property (*«). 


If G is simple, then we have the chain 
1=G,56,=G 
and the quotient G;/G, is simple, so G satisfies property (««). 


If G is not simple, then G has a non-trivial proper normal sub- 
group N. Both N and G/N have order smaller than |G| so, by the 
inductive hypothesis, there are chains of subgroups 


I-N;€N &€--cN-N 
NIN = GAAN € G,JN € --- € GJN = G/N 
such that 

aliud Jeter 
Nj, ,/N; is simple 

GIN < G;4,/N 

GN, | forro L.. pah 
GIN is simple 
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Consider the following chain of subgroups of G: 


I-N,SN,c-cN-N-G SG c..9G,-G. 


We know that N;< N;,,; by the Correspondence Theorem, 
G; -3 Gi; because G;/N < G;.,/N. Also, N;4,/N; is simple; and 
Gizl N 

G/N? 


Gi41/G; = 


by the Third Isomorphism Theorem, and this quotient is simple. 
Thus this chain of subgroups shows that G satisfies property (+*+). 


Solution 12.3.1 


Let x be a non-identity element of Z. Then, by Lagrange's 
Theorem, the order of x divides |Z|, which is a power of p, so 
the order of x is p” for some integer r > 1. Let s = p"~! and 
put y — x*: then y has order p. 


Solution 12.3.2 


Let k € Kand g e G. Then kis in the centre of G (because K c Z) 
and sog 'kg = k. Thus g^ !kg € K, and so K < G. 


Solution 12.3.3 
Let G be a finite p-group. 


If H is a subgroup of G, then |H] divides |G], by Lagrange's 
Theorem, and so is a power of p. Thus H is a finite p-group. 


If G/N is a quotient group of G, then |G/N| divides |G] and so 
G/N is a finite p-group. 


Suppose that G, and G, are finite p-groups, and that the group K 


is an extension of G, by G;. Then |K| = |G,||G |, so |K] is a 
power of p. Thus K is a finite p-group. 


Solution 12.3.4 


In the notation of Stewart: page 120, 


Z(Ds) = A. 
In the notation of Unit 6, 
Z(Ds) = €a?y. 
However, 
Z(D;o) = 1. 


In D,, in general, let a be anti-clockwise rotation through 2z/n, 
and let b be any reflection. Then, as we saw in Unit 6, 


b-'ab=a™'. 
Since b does not commute with a (assuming that n > 3), bis not 
in Z(D,,). Thus Z(D,,) contains no reflections. 
The rotations in D;, are powers of a. We have 

blab =a", 


so a’ does not commute with b unless a” = a^'; that is, 
2r = 0 or n. If n is odd, the only solution is r = 0, so 


Z(D,)- | whennmis odd. 


If mis even, the rotation a"? is also a candidate to be in the centre. 
We have seen that 2"? commutes with all reflections, and it also 
commutes with all rotations, because the rotation subgroup is 
abelian. Thus 


Z(D,) = (1, 2?) = <a") when n is even. 


Solution 12.3.5 


Let x be an element of N. Since y < G, we know that N contains 
the complete conjugacy class x? containing x. Let C}, ..., (Om 


be the conjugacy classes of G which contain any elements of N. 
Then 


IN| = |Ci] + --- +1 @ 


Since G is a p-group and N is a non-trivial subgroup of G, the 
order || is a power of p different from 1, so that p divides the 
left-hand side of equa’ }. Consequently, p divides the right- 
hand side of (i). By Corollary 13.8, each |C;| divides |G] and so 
is a power of p. Thus the number of the orders |C;| equal to 1 
must be a mul . However, N contains the identity 
element, which conjugacy class of size 1. Hence at least p 
of the conjugacy classes in N have order 1; that is, they consist 
of a single element. Each such element is in Z(G), and so 
N ^ Z(G) contains at least p elements. In particular, N ^ Z(G) 
#1. 


Solution 12.3.6 


The only normal subgroup of Dg which has order 2 is <a”). All 
subgroups of Dg which have order 4 are normal subgroups of 
Ds, because they have index 2. Thus there are three chains of 
subgroups of the required type: 


1c <a’) € <a) € D, 
1 S <a’) € (La b, a?b} S D; 
1 € a’) € (1, a”, ab, ab} € Dg. 
Translating this into the notation of Stewart: page 120, we have 
IcACcScD; 
ISACTCD, 
TSASUCD,. 
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